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Preface

These notes are based on a graduate course on large deviations given at the Courant
Institute in 2012. While a version of these notes appeared on the web at that time, it took
considerable time for me to prepare a revision. The lectures focused on three sets of exam-
ples as do these notes:

e diffusions with small noise and the exit problem,
e large time behavior of Markov processes and their connection to the Feynman-
Kac formula and the related large-deviation behavior of the number of distinct
sites visited by a random walk,
e interacting particle systems, their scaling limits, and large deviations from their
expected limits.
We will look at simple exclusion processes in d dimensions. Some of the material is quite
intricate and towards the end instead of providing complete proofs, we will give the ideas
behind the proofs and provide references.

I want to thank the students who attended the course and motivated me to write these
notes. It took much longer than I expected for me to finish the revision and I want to
thank the AMS for waiting patiently. I want to thank Ina Mette, whose regular but gentle
reminders prevented the delay from being even longer.
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CHAPTER 1

Introduction

1.1. Outline

We will examine the theory of large deviations through three concrete examples. We
will work them out in some detail and in the process develop the subject.

The first example is the exit problem. Let G C R¢ be a bounded, open domain with
smooth boundary dG. We consider the solution ¥ = u, of the Dirichlet problem

%Au+b(x)-Vu=O, x €@,

with boundary condition v = f on dG. The vector field b will be of the formb = —VV for
some smooth function V. As € — 0, the limiting behavior of the solution u, will depend
on the behavior of the solutions of the ODE

dx
1.1 g
(1.1) T
The solution u¢ (x) has the representation

ue(x) = Ex[f(x(z6))]

in terms of the expectation with respect to the distribution P x of the solution x () = x(¢)
of the stochastic integral equation

b(x(1)).

x(t)=x + f b(x(s))ds + VeB(1).
0

where B(z) is the standard Brownian motion in d dimensions, tg = inf{z : x(¢) ¢ G} is
the exit time from G, and x(tg) is the exit place on dG. One expects the limit u(x) =
lim¢_, U (x) to exist and be given by

u(x) = f(x(z6))

where x (¢) is the solution of the ODE (L_T).

The difficult case is when the solution of the ODE does not exit from G and therefore
7(G) = oo. Then large-deviation theory can provide the answer. Assuming that there is
a unique stable equilibrium point inside G and that all trajectories starting from x € G
converge to it without leaving G, one can show that

lim ue(x) = £(»)

provided the minimum of V() on the boundary dG is attained uniquely at y € dG; i.e.,
forall y’ € G and y’ # y, we have V(y') > V().

The second example is about the simple random walk in d dimensions. Letey, ..., e4
be the unit vectors in the d coordinate directions of Z¢ and let X 1,--+»Xn,...beasequence
of independent identically distributed random variables with P[X; = *e;] = ﬁ for
j=1,...,d. Wedenote by S,, = X; + --- + X, the resulting random walk and by D,

1



2 1. INTRODUCTION

the range of Sy,...,S,. Then |D,| is the number of distinct sites visited by the random
walk. The question is the behavior of

E[e—VIDn\]

for large n. Contribution comes mainly from paths that do not visit too many sites. We can
insist that the random walk be confined to a ball of radius R = R(n). Then the number
of sites visited is at most the number of lattice points inside the ball, which is approxi-
mately v(d)R? for large R where v(d) is the volume of the unit ball in R¢. On the other
hand, confining a random walk to the region for n steps has exponentially small probability
p(n) >~ exp[-nAgq(R)] = exp[—n ’}Q—‘é] Here —A, is the ground state eigenvalue of the
Laplace operator

2d ~ 9x?

i=1 L
in the unit ball of R? with the Dirichlet boundary condition. The contribution from these
paths is at least
Ad )}

R2
and R = R(n) can be chosen to maximize this contribution. One can fashion a proof that
establishes this as a lower bound. But to show that the optimal lower bound obtained in
this manner is actually a true upper bound requires a theory.

The third example that we will consider is the symmetric simple exclusion process. On
the periodic d-dimensional integer lattice va of size N¢ we have k(N) = pN¢ particles
(with at most one particle per site) doing simple random walks independently with rate 1.
However jumps to occupied sites are forbidden. The Markov process is defined through the
generator

exp|:—vv(d)Rd —n

(ANu)(xl, ey xk(N)) =
|k
2 Z Z[l —n(x; +Fe)lulxy,....x; +e ..., xkavy) —ulxe, ..., X))l

i=1 e

acting on functions u defined on (Z‘fv)k (V) Here e runs over the units in the 2d directions
{£e;} and n(x) = ), I,—x is the particle count at x, which is either 0 or 1. We do
a diffusive rescaling of space and time and consider the random measure yx on the path
space D[[0, T]; 7],

1

)/N = W Z 5X[(N2')‘
1<i<k(N) N
We want to study the behavior of y,, as N — oco. The theory of large deviations is needed
even to prove a law of large numbers for yy .

1.2. Supplementary Material

Large-deviation theorems in some generality were first established by Cramér in [2].
He considered deviations from the law of large numbers for sums of independent identi-
cally distributed random variables and showed that the rate function is given by the convex
conjugate of the logarithm of the moment-generating function of the underlying common
distribution. The subject has evolved considerably over time, and several texts are now
available offering different perspectives. The exit problem was studied by Wentzell and



1.2. SUPPLEMENTARY MATERIAL 3

Freidlin in their work [12]. They go on to study in [13] the long-time behavior of small
random perturbations of dynamical systems when there are several equilibrium points.

The problem of counting the number of distinct sites comes up in the discussion of a
random walk on Z¢ in the presence of randomly located traps. The estimation of the prob-
ability of avoiding traps for a long time reduces to the calculation described in the second
example. This problem was proposed by Mark Kac [16]], along with a similar problem for
a Brownian path avoiding traps in R?. The traps are balls of some fixed radius § with their
centers located randomly as a Poisson point process of intensity p. Now the role of the
number of distinct sites of the random walk is replaced by the volume | | ., B(x(s). )|
of the “Wiener sausage,” i.e., the §-neighborhood of the range of the Brownian path x(-)
in [0, ].

The use of large-deviation techniques in the study of hydrodynamic scaling limits be-
gan with the work of Guo, Papanicolaou, and Varadhan in [15]], and the results presented
here started with the work of Kipnis, Olla, and Varadhan in [18] followed by the study
of nongradient systems in [31], the Ph.D. thesis of Quastel [19], and the work of Quastel,
Rezakhanlou, and Varadhan in [20, 21}, 23].
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CHAPTER 2

Basic Formulation

2.1. What Are Large Deviations?

In large deviation theory, the basic object of study is a family { P, } of probability dis-
tributions defined on the Borel o-field of a complete, separable metric space X . Typically,
P, will converge weakly to 8y, the degenerate distribution with the entire mass at some
point xo € X. Probabilities for sets away from xo will decay exponentially in n and we
expect the limit

1

2.1 lim —log P,(A) = —c(A)

n—oon
to exist for a large class of sets A. The goal is to determine c(A). Because

max{P,(A), P,(B)} < P,(AU B) < 2max{P,(A), P,(B)},
it is easy to see that
c(AU B) = min{c(A4), c(B)},
and one can expect to have a nonnegative function /(x) such that
c(A) = inf I(x).
x€A

One cannot expect the limit .I)) to hold for all Borel sets. For example, for the single-point
set {x} consisting of just x, P[{x}] can often be 0, while /(x) is finite. The starting point
of the theory is the following definition:

DEFINITION 2.1. A sequence { P, } satisfies the large deviation principle (LDP) with
rate function 7(x) provided

e [/(x): X — [0, 00] is lower semicontinuous.
e The sets Ky = {x : I(x) < £} are compactin X.
e For every closed set C C X, we have

1
(2.2) lim sup — log P,[C] < —inf I(x).
xeC

n—oo N

e For every open set G C X, we have
1
(2.3) liminf — log P,[G] > —inf I(x).
n—>00 1 xeG
We have an alternate definition as well.

DEFINITION 2.2. The following is an alternate set of conditions equivalent to Definition

2.Tlabove.

¢ Exponential tightness property. Given any { < oo, there exists a compact set
K, such that, for any closed set C disjoint from Ky;i.e., C N K; = &, we have

1
limsup — log P,[C] < —£.

n—oo N

5



6 2. BASIC FORMULATION

e Local upper bound.

1
hmsuphmsup log P,[B(x,$8)] < —I(x).

§—0 n—00

e Local lower bound.
1
liminf liminf — log P,[B(x, §)] > —I(x).
§—>0 n—oo 1
Here B(x,d) is the ball around x of radius §. We can take it to be either the open ball
{y :d(x,y) < 8} orthe closed ball {y : d(x,y) < §}.
LEMMA 2.3. The two Definitions 2.1l and 2.2 are equivalent.

PROOF. We first prove that Definition 2.1 implies Definition To prove the expo-
nential tightness property the choice of Ky = {x : I(x) < £} works. For any closed set C
disjoint from Ky, I(x) > £ on C and

1
limsup — log P,[C] < —inf I(x) < —{.
n xeC

n—>0o0
For any 6 > 0,
1
liminf — log P,[B(x,8)] = — inf [I(y) > —I(x),
n—>o00 n x€B(x,5)
and for the closed ball B(x, §),
hmsup—logP [B(x,0)] <— 1nf 1(y),
n—oo B(x,8)

and, by lower semicontinuity,

li f I(y)=1
Jim gl(x ) (x).

The other direction is just as easy. First, we note that if G is open, for any x € G, there
is a ball B(x,§x) C G. Therefore, for every x € G,

1 1
liminf — log P,[G] > liminf — log P, [B(x, 8x)] > —1(x),
n—oo n n—>oo n

proving (2.3). We next show that exponential tightness together with the lower bound im-
plies compact level sets for /(). Let £ < oo be arbitrary, and the compact set Ky be such
that for any C disjoint from it

) 1
lim sup — log P,[C] < —¢.
n—oo N
In particular, if x ¢ Ky, since B(x,§) € Kg for some §, we must have /(x) > £. Therefore,
{x:1(x) <} C Ky
Next, we prove that /(x) is lower semicontinuous. Suppose /(x) > £. Then, given any

€ > 0, there is a § > 0 such that

1
lim sup log P,[B(x,8)] < —{ + €.

n—oo

If x — x, eventually B(xx,8/2) C B(x,8) and

1 5 1
—I(xg) < liminf — log P, [B (xk, —)] < limsup — log P,[B(x,8)] < —{ + €.
n—oo n 2 n

n—>oo
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Finally, we come to the upper bound (2.2). Let C be any closed set, and £ = infyec I(x).
Take Ky to be the compact set provided by the exponential tightness. Let € > 0 be given.
For any x € C, there is a ball B(x, §,) such that

1
limsup — log P,[B(x,8)] < —¢ + €.
n—oo N

These balls cover C and therefore C N Ky, which is compact. Let us choose a finite subcover,
with their union G covering C N K. Then

1
limsup — log P,[G] < —{ + €.

n—oo N
We have
P4[C] < P4[G] + P4C NGO,
and, because C N G°® C KZ and is closed, we have
lim sup 1 log P,[C N G°] < —L.
n—oo N

This concludes the proof. (]

Although it appears to be a bit stronger, the following version of the exponential tight-
ness property is a consequence of the Definitions 2.T] or 2.2

LEMMA 2.4. Given any {, there is compact set Ky such that for alln > 1,
(2.4) Py[KE] < e

PROOF. Let £ be given. There is a compact set ¥ = Fy such that, for any positive
integer k, if G = |, cp B(x,1/k), we have

1
limsup — log P,[GR] < —€ — 1.
n—oo N

For every k, we can find ny such that for n > ng,
P,[GS] < 27
We can find a compact set Cy such that P, [C,g] < 2_ke_”4, for n < ny. We consider

D, = ﬂ[Ck U Ggl.
k

Since K; = Dy is compact and

pg = J(CEnGp)
k

we obtain

Pu[K§) < Pu[D] < ) Pu[CENGR] <) 2% e =
k k

Finally, we need to check that D is compact. Let x, be a sequence from D. If an infinite
number of them are in some Cy, then since each Cy is compact, we can have a convergent
subsequence. Otherwise, there is r such that x, € Gy for r > r;. The sequence x, can
then be shadowed by y, € K with d(x,, y,) < 1/k for r > r. Since K is compact, there
is again a convergent subsequence from {y, } and therefore from {x,} as well. This proves
the compactness of D. O
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2.2. Evaluation of Integrals

The following result is an easy consequence of the definition of LDP. If we have func-
tions that grow exponentially at different rates at different points and probability that decays
at different rates around different points, then the rate of exponential growth of the integral
is easy to obtain.

THEOREM 2.5. Let { P,} satisfy LDP with rate function I1(x). Let F(x) be a bounded
continuous function on X. Then,

lim ! log/exp[nF(x)]dP,, (x) = sup[F(x) — I(x)].

n—oon
X

PROOF. The lower bound is easy. For any x and any ¢, there is a § > 0 such that
F(y) = F(x) —€if y € B(x,§). Then,

1 1
lim ~ log / explt FO)IdPy(y) > lim ~ log / expln F0)Id Py ()
n—>oon n—-oon
X B(x,5)

1
> F(x) — € + liminf — log P,[B(x, d)]
n—oo n

> F(x)—e—I(x).

Since € > 0 and x € X are arbitrary, the lower bound follows. The upper bound is not
any harder. We do an approximation with simple functions. Since F(x) is bounded, given
any € > 0, let us cover the space X with a finite collection of closed subsets {C;} where
Cij={x:a; < F(x) <ajyi1}and|aj4+; —aj| <e€. Then

1 1
lim sup — log / exp[nF(x)]dP < limsup — log Z / exp[n F(x)]|dP
n n—oco N -
J C;

n—oo
X J

1
< sup lim sup — log / exp[n F(x)]dP
j n—oo N E
J

IA

1
sup[aj+1 + lim sup — log P,,[Cj]]
j n—oo N

< 1 — inf I
< sup [aj+1 dnf ()]

<sup sup [F(x)—I(x) + €]
Jj xeC;
= sup[F(x) — I(x)] + €. O
xeX

Sometimes F is only upper semicontinuous and that is sufficient to provide the upper
bound. The proof is slightly more involved.

THEOREM 2.6. Let F be an upper semicontinuous function on X that is bounded
above, and { P, } a sequence that satisfies LDP with rate function I1(x). Then

(2.5) lim sup % log / exp[n F(x)]dPy(x) < sup[F(x) — I(x)].

n—o0 xeX
X
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PROOF. We cannot use uniform approximation by simple functions, because now the
sets {x : a < F(x) < b} may not be closed. In fact, F(x) can be allowed to take the value
—oo. It can even be that sup,[F(x) — I(x)] = —oo. If for some x either F(x) = —o0
or I(x) = oo, by upper semicontinuity of F and the lower semicontinuity of /, given any
{ < oo, we can find § = §, > 0 such that

sup F(y)— inf [I(y) =—¢,
y€B(x,8) y€B(x,8)

implying
1
lim sup — log / exp[n F(y)|dP,(y) < —£L.
n—oo N
B(x,8)
If F(x) — I(x) = a is finite, for any € > 0 we can find § = §, such that

sup F(y)— inf I(y) <a+e,
y€B(x,58) y€eB(x,8)

implying
1
lim sup — log / exp[nF(y)|dP,(y) <a+e.
n—oo N
B(x,5)
By Lemma[2.4] given any £, we can find a compact set K; such that
PyK¢] < e,
implying
1
lim sup — log [ exp[nF(y)|dP,(y) <M — L.
n—oo N
kG
We can choose a finite subset from {B(x, §x)} that covers K, and conclude that
1
lim sup — log/exp[nF(y)]dPn (v) < max{sup[F(x) — I(x)] +€,—0, M — £}
n—oo N ¥ x

We can now let ¢ — 0 and { — oo, and complete the proof. (]

2.3. Contraction Principle

When we have the joint distribution of two components but are interested only in the
marginal distribution of one component, we project by integrating out the other variable.
In large deviation theory, the integration is replaced by minimization.

THEOREM 2.7. If { P,} satisfies LDP on X with rate function I(x) and f : X — Y
is a continuous map into another complete, separable metric space, then Q, = P, f !
satisfies an LDP on Y with a rate function J(y) given by

J = inf I(x).
;)= jnf_ 1)

PROOF. We just note thatif 4 C Y is a Borel set, 0, (A) = P,[f ' A]. If Ais closed,
sois f714A C X,

1 1
limsup — log 0, (A) = limsup — log P,[f~'4] = — inf I(x) = —inf J(y);
n—oco N n—oo xef—14 yeA

n
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and, if A is open,
1 1
liminf — log 0, (A) = liminf — log P,[f 'A] = — inf I(x) = —inf J(y).
n—o0o n n—oo n xef—14 y€A

It is straightforward to show that the level sets Ay = {y : J(y) < £} are compact (and
closed), implying lower semicontinuity of J(-). They are the images under f of the sets
By = {x : I(x) < {} that are compactin X. O

The following slight modification of this result is sometimes needed.

THEOREM 2.8. Let f,(x) be a sequence of continuous maps from X — Y converging
to f(x) uniformly on compact sets and let Q,, = P, f,”'. Then again, {Qn} satisfies an
LDP on Y with a rate function J(y) given by

J(y)= inf I(x).
0)=_jnf_ 1)

PROOF. The proof has to be a bit carefully done. The lower bound is not hard. Let y €
Y with J(y) = £ < oo. Because I(x) is lower semicontinuous and the sets {x : I(x) < £}
are compact, the infimum in J(y) = infy. r(x)=y /(x) is attained; i.e., there is an x € X
with f(x) = y and J(x) = £. Let B(y, €) be a small ball around y. We need to get a lower
bound on P,[f, ' B(y,€)]. If we show that for sufficiently large n, f, ! B(y, €) contains
B(x,8) for some § > 0, then Q,[B(y,€)] = Pu[f, ' B(y,€)] > Pu[B(x,8)] and

1 1
liminf — log Q,[B(y,€)] > liminf — log P,[B(x,8)] > —I(x) = —=J(y).
n—oo n n—oo n

Suppose it is not true. Then, there will be a (sub)sequence such that x,, — x but
fn(xn) € B(y, €), contradicting the uniform convergence of f, — f on compact subsets
of X.

For proving the upper bound, pick a large £ and use Lemmal2.4]to get K with P, (K°®) <
e, It is enough to estimate P,,[ f71C N K]. For that, it is sufficient to show that for any
8 > 0, for sufficiently large n,

fenkc | B(x.9).
xef-1C

If not, there is a sequence x,, € K with f,(x,) € C,butd(f(x,),C) > §. This contradicts
the uniform convergence of f, to f on K. O

2.4. Simple Examples and Remarks

(1) The easiest example is to take the average of n independent and normally dis-
tributed random variables with mean 0 and variance 1. By the law of large numbers, their
average will be close to the distribution with all its mass at 0. The actual distribution P, is
Gaussian with mean 0 and variance 1/n given by

P,(A) = \/g/exp[—g]dx.
A

It is not hard to check that LDP holds on R with (x) = x2/2.

(2) If we toss a fair coin n times, the probability of r heads is (':)2_”, and using
Stirling’s approximation, logn! = —n 4+ nlogn + o(n), we see again that LDP holds for
the distribution of r/n on [0, 1] with the rate function

I(x) = xlog(2x) 4+ (1 — x) log(2(1 — x)).
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(3) More generally, we can look at distributing 7 objects randomly and independently
into k pigeonholes with the probability of any object being placed in the cell i being ;. If
{ fi} are the numbers ending up in various cells, their joint distribution is a multinomial

n!
Pn[flv --7pk] = —ﬂlflﬂlzfé.”ﬂ{k'

Silfalee fi!

Again using Stirling’s approximation, we see that LDP holds for the ratiosx = {x;} = f;/n
with rate function

1(x) = E xilog%.
. 1
l

In some sense, this function, called the relative entropy or Kullback-Leibler information of
one distribution {x; } with respect another {r; }, controls large deviations.

(4) Cramér’s theory for sums of independent identically distributed random variables
assumes that they come from a distribution «, and that it has a moment generating function

M) = /e“’x da(x) < oo,

for all 8. It is convenient to assume that the support of « extends to o0 in both directions.
Then, log M (6) is a convex function whose derivative takes all the values on R. Then, the
distribution of the mean of n independent observations from « satisfies an LDP with rate
function

I(x) = sup[f x — log M (6)].
[4

The proof is relatively easy. For the upper bound, if a > m = [ x da(x), and if

X et X
Zn:%,

then

P[Z, >a] < e napn0Zn _ ,—nba |:/ 0% da(x):|n
= exp[—n[fa — log M(0)]].

This yields the upper bound. The decay rate for P,(A4) depends only on the points a™, a™~
in A that are closest to the mean m on either side. Moreover, the convex function /(x) has
its minimum value of 0 at m and is monotone on either side of it. This reduces the proof of
the upper bound to the case of half lines that avoid m.

The lower bound uses tilting. Let us replace « by B defined as df =
[M(6)]~'e®* da with 6 picked so that it maximizes a8 —log M(0);i.e.,a = M'(8)/ M(6)
= [ x dp(x). If we denote by Q, the distribution of the sample mean under 8, we have

Pyl(a—8,a+68)] = / e " [M@O)]"dQ,.
(a—6,a+38)

Since Qp[(a —8,a + 8)] — 1 asn — oo, itis clear that

1
lim lim ;log Pyl(a—6,a+8)] = —ab +1logM() = —I(a).

§—>0 n—00
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(5) There is a multivariate analogue of Cramér’s theorem due to Chernoff. Basically,
the moment generating function

M) = / exp[(f, x)]da(x) < oo
R4
exists on R?, and its convex conjugate,
I(x) = sup [{0, x) —log M(6)],
feRd
provides the rate function for the LDP of the average of 7 independent observations from «.

(6) The multinomial is a special case where « on R? is the discrete distribution with
mass 77; at the unit vector e; in the direction of the i coordinate.

log M(6) = log Z mieli.
Then, I(x) = >_; x; log(x; /7;).
(7) We can look at the empirical distribution r,, = % >ié x; of n independent obser-
vations taking values in a Polish space X having a common distribution «. The distribution

P, of r, on the space M(X) of probability measures on X will satisfy an LDP with rate
function given by the relative entropy

d d
1) = hgio) = [ Liog L codat,

which is defined to be infinite if the integral fails to exist; i.e., unless § < « and log % €
L1(B). This was proved originally by Sanov.

(8) Finally, one can recover the Cramér rate function as
1 = inf  h(B; ),
) - (B: )

and this allows us to view Cramér’s result as a contraction of Sanov’s theorem.

(9) Or, you can recover Sanov’s result from Cramér’s. Replace R by the convex set
M(X) of all probability measures on X, a subset of the infinite-dimensional vector space
of all measures on X . For the distribution of a random measure on M (X), we lift x — 8,
and we will have & on M (X). The dual is the space of continuous functions V : X — R,
and the rate function takes the form

sgp[/ V(x)dB(x) —log/ev(x)doz(x):| = h(B;®).

(10) Convex duality plays a role in the theory. We are used to the duality between L,
and L, spaces. If 1/p + 1/q = 1, then the identity

xP ye
— =sup [xy — —i|
p y q

leads to duality between L, and L,. Similarly, the duality relation

sup[xy —e”] = xlogx — x
y
can be used to obtain the duality relation

fog [V dar = sup [ [ roweda- | f(y)logf(y)da]

=0
171 =1
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CHAPTER 3

Small Noise

3.1. The Exit Problem

Let £ be the second-order elliptic operator (with smooth coefficients)

(Lu)(x) = Z ai1 () g () Zb <x>—<x>

z ,Jj=1
onR?. If G C R¥ is abounded, connected open set with smooth boundary dG, the solution
to the Dirichlet problem

(Lu)(x) =0 forx € G,

G- u(y) = f(y) fory < 9G.

can be represented as

(3.2) u(x) = Ex[f(x(1)]

where E is expectation with respect to the diffusion process P corresponding to L starting
from x € G, 7 is the exit time from the region G, and x (7) is the exit place on the boundary
dG of G. If L is elliptic and G is bounded, then 7 is finite almost surely, and in fact its
distribution has an exponentially decaying tail under every Py. If G has a regular boundary
(exterior cone condition is sufficient), then the function u(x) defined by (3.2) solves (3.1)
andu(x) - f(y)asx e G — y € 9G.

We are interested in the situation where £ depends on a parameter € that is small:

(Lew)(x) = Z ai1 ) g () Zb <x>—(x>

11—1

As € — 0, L, degenerates to a first-order operator; i.e., a vector field

d
ou
j=1 J
The behavior of the solution u¢(x) of
(Leue)(x) =0 for x € G,

u(y) = f(y) foryedgG,
will depend on the behavior of the solution of the ODE (3.3)),
dx(t)
dt
If x (¢) exits cleanly from G at a point yg € G, then u(x) — f(yo). If the trajectory x(¢)

touches the boundary and reenters G one or more times before exiting from the closure G,
it is problematic. If the trajectory does not ever exit G, then we have a real problem.

3.4 =Db(x()), x(0)=nx.

13
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We will concentrate on the following situation. The operator L, is given by
€
Leu = EAM + Xu.

We will assume that every solution of the corresponding ODE (3.3) with x € G stays in G
forever, and as ¢t — oo, they all converge to a limit x that is the unique equilibrium point
in G; i.e., the only point with b(xg) = 0. In other words, xg is the unique globally stable
equilibrium in G, and every solution converges to it without leaving G. Let P x be the
distribution of the solution to the stochastic differential equation

3.5 xelt) = x + f b(ro(5))ds + JeBU)
0

where B(¢) is the d -dimensional Brownian motion. It is clear that while the paths will exit
from G almost surely under Pc x as € — 0. It will take an increasingly longer time and
in the limit there will be no exit. The behavior of the solution u is far from clear. The
problem is to determine when, how, and where x, (- ) will exit from G when € < 1 is very
small. We will investigate it when b(x) = —(VV)(x); that is, (33) is the gradient flow of
a nice function V(). The infimum of V(y) on dG is assumed to be attained uniquely at a
point yo € 9G.

The picture that emerges is that a typical path will go quickly near the equilibrium
point and stay around it for a long time, making periodic, futile, short-lived attempts to get
out. These attempts, although infrequent, are large in number, since the total time it takes
to exit is very large. The more serious the attempt, the fewer the number of such attempts.
Each individual attempt occurs at a Poisson rate that is tiny. Finally, a successful excursion
takes place. The point of exit is close to the minimizer yo of V(y) on the boundary. If we
assume it is unique, the path followed near the end is the reverse path of the approach to
equilibrium of x () starting from y, and the total time it takes for the exit to take place is
of the order exp[% (V(y0) — V(x0))]. Compared to the total time, the duration of individual
excursions are tiny and can be considered to be almost instantaneous, and so they are almost
independent. Various excursions take place more or less independently with various tiny
rates. Among the excursions that get out, the one that occurs first is the reverse path that
exits at yg. Its rate is the highest among those that get out.

3.2. Large Deviations of { P, .}
The mapping x(-) — g(-) of

x(t) = x(0) + /t b(x(s))ds + g(t)

is clearly a continuous map of C[[0, T];R?4] — Co[[0, T]; R?]. On the other hand, the
difference of two solutions x(-) and y(-), corresponding to g(-) and /A(-) respectively,
satisfies

X(t)—y(l)=/0 [b(x(s)) = b(y(s)]ds + g(1) — h(t),

and if b(x) is Lipschitz with constant A, A(¢) = supg<s<, [X(s) — y(s)| satisfies

t

A(z)gA/O A(s)ds + sup |g(s) — h(s)].

0<s<t
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Applying Gronwall’s inequality, for any fixed interval [0, 7],
A(T) = c(T) sup [g(s) —h(s)l,
0<s<T

proving that the map from g(-) — x(-) is continuous. If we denote this continuous map
by ¢ = ¢, and the distribution of the scaled Brownian motion /¢ 8(+) by Qc, then Py . =
Qcp; . The probability Pe x(B(f.8)) will be estimated by Q[B(g,§')]. We will prove
two theorems.

THEOREM 3.1. The measures Q. on Co[[0, T]; R¢] satisfy the following estimates:
For any closed set C that is a subset of Co|[[0, T]; R4],

(3.6) limsupelog Q([C] < — mf —/ g’ ()]?

e—>0

and for any open set G C Cy[[0, T]; Rd]
1 T
3.7) liminf € log Q¢[G] > — inf —/ [’ (1)) dt.
e—>0 geG 2 0

THEOREM 3.2. The measures Py ¢ on C[[0, T]; R?] satisfy the following estimates:
For any closed set C C C[[0, T]; R4],

(3.9) limsup € log Py ([C] < — 1nf / Lf(t) = b(f(t))]? dt,
e—>0

f(O) x
and for any open set G C Cy[[0, T]; R9],

1 T
(3.9) liminf € log Py ([G] > — inf —/ [f'(t) — b(f())]? dt.
e—>0 feG 2 0
f(0)=x

In both theorems the infimum is taken over f and g, which are absolutely continuous
in t and have square integrable derivatives.

We note that Theorem [3.2] follows immediately from Theorem 3.1l Since Py ¢(A) =
Qc(p;1A) and ¢, is a continuous one-to-one map of Co[0, 7] on to Cx[[0, T]; R4], we
only need to observe that

T
a2 [ wora= e b [0 sgora

¢xgeC 2
f(0)=x

which is an immediate consequence of the following relation: if f = ¢, g, then

T T
3 | ro-sora =3 [ o,

We now turn to the proof of Theorem 3.1l This was independently observed in some
form by Strassen [27]] and Schilder [25].

PROOF OF THEOREM Let us take an integer N and divide the interval [0, 7] into
N equal parts. For any f € C[[0, T]; R?] we denote by fy = my f the piecewise linear
approximation of f obtained by interpolating linearly over [(’ I)T, T], forj=1,...,N.

In particular, fy (4 ) = f( N) for j = 0,...,N. To prove the upper bound, let § > 0
be arbitrary and N be an integer. Then,

0c[C] < Oc[fv € C¥l+ Qcllnan f — [ = 6]
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where C% = | J rec B(f.68). Under Qc, { f (%)} has a multivariate Gaussian distribution

with density
N 1V N J
Une.z) = [\/ zm} eXP[_ﬁ D L —zj-l]z]

J=1

Moreover, with z; = f (%),

NI T
7 Yl -zl = [ P
T et 0
If we define by Dy C (R%)¥ the range of {fN(%)} as f varies over Cs,
(3.10) 0fw el = [ untezndz
Dy
and it is now not difficult to show that

1 T
limsupelog Q[ fn € C‘g] < —— inf / [f ()] dt.
e—>0 2 recs Jo

A simple estimate on the maximum oscillation of Brownian motion with variance € in an
interval of size % provides the bound

) N§?
Ocllfv—flz8) =N Qe[ sup | /()] = 5} < c<N,d)exp[— }

051‘5% 8deT

yielding
2

li 1 - =
msupelog Ocll i — £ 2 8] < g

If we now let N — oo and then let § — 0, we obtain (3.6). We note that the function

T
1 =3 [ rora

is lower semicontinuous on C[[0, T]; R¥] and the level sets { f : I(f) < £} are all compact.
This allows us to conclude that, for any closed set C,

lim inf [ = inf I(f).

Jim inf 1(/) = inf 1(/)
Another elementary but important fact is that the sum of two nonnegative quantities behaves
like the maximum if we are only interested in the exponential rate of decay (or growth).

Now we turn to the lower bound. It is sufficient for us to show that for any f €

Coll0, T]; R4 with £ = L [T | /(1) 2 dt < oo and § > 0

lirni(r)lfe log Q[B(f,8)] = —L.
€—>

Since f can be approximated by more regular functions f; with the corresponding £
approximating £, we can assume without loss of generality that f is smooth. If we denote
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by O s the distribution of /€f(r) — f(r), we have

Qe[B(f.8)] = 0 1.[B(0,5)]

de,e
dQe
B(0,5)

T T
— [ ew|t [ roraxe- o [C1ropalae.

B(0,6)

dQ.

_¢ 1 |
> e eQe[B(o,S)]mB( Zﬂ | exp[; /0 75)- dx(S)}dQe

. T
ze—zQe[B(o,snexp[m [ E /0 f’(S)-dX(S)}dQe}
B(0,6)

> e Q[B(0,8)]

by Jensen’s inequality coupled with symmetry. Since for any § > 0, Q[B(0,6)] — 1 as
€ — 0, we are done. O

REMARK 3.3. We will need local uniformity in x in the statement of our large-deviation
principle for Pe . This follows easily from the continuity of the maps ¢, in x.

REMARK 3.4. This does not quite solve the exit problem. The estimates are good only
for a finite 7, and all estimates only show that the probabilities involved are quite small.
The solution to the exit problem is slightly more subtle. The basic idea is that among a
bunch of very unlikely things the least unlikely thing is most likely to occur first!

3.3. The Exit Problem

We start with a lemma that is a variational calculation. Consider any path /() that
starts from the stable equilibrium x¢ and ends at some x € G.

LEMMA 3.5.
T
3.11) inf inf [ A () + VV]2 dt =4[V (x) — V(xo)].
0<T<oo  h, 0
h(0)=x,
h(T)=xo

PROOF. Welook atthe ODE x(¢) = —(VV)(x(¢)), x(0) = xg, and reverse it between
Oand T, giving a trajectory h(t) = x (T —t) from x(T') to x satisfying /' (¢) = (VV)(h(?)):

T T
/O (1) + YOV ()] di = [0 (1) — VOV ) R)P di

T
+ 4/ (VV)(h(t)) - B (¢)dt
0

= 4[V(x) = V(x(T))].
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For T large, x(T) ~ x¢ and therefore

T
inf  inf (W' (1) + VV]2dt <4[V(x) — V(x0)].

On the other hand, for any & with #(T") = x and 7 (0) = x,,
T
4V () — Vixg)] = 4 /0 (VYD) - 1 (1)di
T T
- [0 (1) + (V)P di — /0 (1) — (VW) ()P di

T
5/ [1'(t) + (VV)(h(t)]* dt. O
0
The next lemma says that it is very unlikely that the path stays away from the equilib-
rium point for too long.

LEMMA 3.6. Let U be any neighborhood of the equilibrium xo and

2
o= e e s @ncorar

Then liminfr oo A(U,T) =

PROOF. Suppose there are paths in G N U° for long periods with bounded rate

1 T
I(f) = 5/0 Lf'() + (VV)(f@)]? dt.

Then, there has to be arbitrarily long stretches for which the contribution to I(f) is
small. Such trajectories are equicontinuous and produce in the limit solutions of dx (¢)+
(VV)(x(t))dt = 0 that live in G N U* forever, which is a contradiction. O

Now we state and prove the main theorem.

THEOREM 3.7. Assume that V(-) on the boundary §G achieves its minimum at a
unique point yo. Then, for any x € G,

lim e (x) = £(70).

In other words, irrespective of the starting point, exit will take place near yy with probability
nearly 1.

PROOF. Let us fix a neighborhood N of y¢ on the boundary. Let inf ,esgnne V(y) =
V(yo)+6 for some 6 > 0. Let us take two neighborhoods, Uy, U, of xq such that U C U,

and V(x) — V(xo) < 15 on U,. Let 7 be the exit time from G. We will show that, for any
xeaq,

lim Py [x(7) ¢ N]=0.
e—>0
Let us define the following stopping times:
T =inf{t : x(¢) ¢ G},
=inf{r :x(1) ¢ U} A T,
T, = inf{t > 71 : x(¢) ¢ Us},
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T x(1) ¢ UG AT
Tok+1 - X(2) & Uz}

Forany x € G, Py¢[t1 = t] — 0 as e — 0 and the path cannot exit from G between
Tok+1 and Tox4o. As for 15441, one of three things can happen: v > 1544+ and then
X(t2k+1) € 0Uy, or T = Tpx 41 in which case either x (125 +1) = x(t) € N or x (124 +1) =
x(t) € 0G N N°. The first event has probability nearly 1 and the remaining two have
probability nearly 0. But one of them has much smaller probability than the other. So the
event that has the larger of the two probabilities will happen first. We need to prove only
that

Tok+1 = inf{z

=
Tok+2 = inf{r >

SUpresu, Preliti =13 N{x() ¢ Nj]

im - =
=0 infyesy, Prel{ti = 1} N{x(r) € N}]
Let us look at the numerator first.

a(x,€) = Pre[{ti =t} N{x(7) ¢ Nj]
S Preflun =3 nix(@) ¢ Nin{n = T+ Preln = T].

By Lemma[3.6] the second term on the right can be made superexponentially small; i.e.,

limsuplimsup € log Py ¢[11 = T] = —o0.
T—oo €—>0
The first term has an explicit exponential rate and, for any 7,
limsupelog sup Py c[{ti =t}N{x(x) ¢ N}N{ny < T}

e—>0 xefU,

<=2 inf im;] V(y) — V(x)]

yeNC© xe§
30
S-S 2[V(yo) — V(xo0)]
Therefore,

30
limsupelog sup a(x,e) < —— —2[V(yo) — V(x0)].
e—>0 xe€dUs 2
On the other hand, for estimating the denominator,
liminf e ugj log Py e[{t1 =t} N{x(r) € N} = — sup 2[V(yo) — V(x)]
xe 2

e—0 xesU,

0
> =2[V(yo) — V(xo0)] — 3

The numerator goes to 0 a lot faster than the denominator and the ratio therefore goes
to 0. |

REMARK 3.8. It is not important that b(x) = —(VV)(x) for some V. Otherwise, if
Xo is the unique stable equilibrium in G, for x € G, one can define the “quasi-potential”
V(x) by

0<T<oco h(-),
h(0)=xo,
h(T)=x

T
4V(x) = inf  inf /[x’(t)—b(x(t))]zdt,
0

and it works just as well.
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3.4. Superexponential Estimates

Often we have a sequence X, x of random variables with values in X’ that are defined
on some (2, X, P), and, for each fixed k, we have an LDP for P, , the distribution of
Xp k on X with rate function I (x). As k — oo, for each n, X, x — Xy; i.e., for each
8 > 0 and for each n,

(3.12) lim Pld(Xpx. Xn) > 8] = 0.
k—o00

We want to prove an LDP for P, the distribution of X, on X. This involves interchanging
two limits and needs additional estimates. The following “superexponential estimate” is
enough. For each fixed § > 0,

1
(3.13) limsup limsup — log P [d (X, x, X») = 8] = —o0.

k—oo n—oo N

THEOREM 3.9. If for each k the distributions { P, i} of X, x satisfy a large-deviation
principle with a rate function Ii (x), and if @3.12) and B13) hold, then for each x,

lim liminf inf Jx(y) = limlimsup inf [Ix(y).
§—>0 k—oo yeB(x,5) §—>0 k—oo yeB(x,5)

The common limit 1(-) is a rate function, and the distribution P, of X, satisfies LDP with
rate I1(-).

PROOF. Let us define 7+ (x) > I~ (x) as

I (x) = lim limsup inf Ix(y), I (x) = lim liminf inf [Ir(y).
8§—>0 k—oo yeB(x,8) §—0 k—oo yeB(x,5)

We will establish the theorem in three steps. We first show that 7/~ (x) is lower semicon-
tinuous and its level sets {x : I ~(x) < £} are compact. We then prove local upper bounds
with I+ () and local lower bounds with 7 ~(-). Since I *(x) > I~ (x), this will show that
IT(x)=1"(x).

Step 1. We know that, for each k, the set {x : Ix(x) < £} is compact. We begin by
showing that any sequence {xj} such that I (xx) < £, for some £ < oo, has a convergent
subsequence. In other words |, {x : I (x) < £} is totally bounded for each £ < co. Let
¢ < oo and § > 0 be given. Then from (B.13), there exists kg such that for k > kg

1
limsup —log P[d(X, k, Xn) = 6] < —2L.
n—oo N
Clearly,
Pld(Xy ko Xk) < 36]
> P[[d(Xn ko Xn) < 8] N [d(Xn, Xp k) < 8] N [d(Xn e, xk) < 6]]
> Pld(Xn g, xk) < 8] — Pld(Xnk, Xn) = 8] — Pld(Xn k> Xn) > 8]

Pld(Xp . xk) < 8] < Pld(Xp ko xk) < 38] + Pld(Xnic. Xn) = 6]
+ Pld(Xn ko Xn) = 8].
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This implies, for any fixed k > ko,

1
limsup — log P[d(X, k., xx) < 8] <
n

n—>00

1
lim sup — logmax{P[d(X, ko, Xx) < 368], P[d(Xpn k. Xn) = 6], P[d(Xn ko Xn) = 6]}
n

n—oo

Since Ix (xx) < € and limsup,,_, o, L log P[d(Xn k. Xn) = 8] < —2¢ for all k > ko,

1 < inf [ < /.
yenm iy o) = jaf o Te(y) <

This shows that for any arbitrary § > 0, there is a sequence yi € B(xg, 38) with I, (yx) <
£, which therefore has a convergent subsequence. By a variant of the diagonalization pro-
cess, we can find a subsequence x, such that there is y, x, with d(xk,, y,k,) < 27" and,
foreach j, y;x, — y; asr — oo. In other words, we can assume without loss of gener-
ality that for any § > 0, there is y; € B(xg,8) that converges to a limit. It is easy to check
now that {x;} must be a Cauchy sequence. Since the space is complete, it converges.

The next step is to show that C; = {x : I~ (x) < £} is compact, i.e., totally bounded and
closed. If we denote by Dy ¢ = {x : I (x) < £}, then

-NNN[UDbe]-
U>L8>0k’>1 k>k’

It is clear that Cy is closed. Since | - Di,e is totally bounded, it follows that so is Cy.

Step 2. Let C C & be closed. Then, either X, x € C?%or d(Xn k, Xn) = 6. Therefore for
any k,

hmsup—logP [C] < max{— irilk(x),ek},

n—o0o0 xeCs

where 0, — —o0 as k — oo. Consequently,

1
limsup — log P,[C] < —limsuplimsup inf Ir(x) <— 1nf I7(x).

n—oo N §—>0 k—oco xeC?

In particular,

1
lim lim sup —log P,[B(x,8)] < —IT(x).

§—0 n—oo

Step 3. Let /(x) = £ < oco. Then, there are x; € B(x,§) with I (xx) < £ + € and
Pp[B(x,28)] > Pn,k[B(xk» 8] - P[d(Xn,k» Xn) > 4]

We choose k large enough so that the second term on the right is negligible compared to
the first. We then obtain

1
lim lim inf — log Py[B(x,20)] = —1" (x).

§—>0 n—>o0

This proves I T (x) = I~ (x). O
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3.5. General Diffusion Processes

We can have processes Py ¢ that correspond to more general operators

p € Zd: ) 9%u +Zd:b ( )au
U= - a; i i(x)—.
¢ 2ij=l bt i 8xi8xj = / X 3)Cj

The rate function for large deviations of P  will now be

1T
1) =3 / S a OIS @) = @) (f'0) = b(F ).
0 ij=1
The proof would proceed along the following lines. We will assume that all the coefficients
are smooth and, in addition, {a; ; (x)} is uniformly elliptic. This provides a choice of the
square root o that is smooth as well. The distribution Py ¢ is now the distribution of the
solution of the SDE

x(0) = x + e /0 o (x(s)) - dB(s) + /0 b(x(s))ds.

which has (almost surely) a uniquely defined solution. We have a large deviation for /€ (¢)
with rate function as before

1 T
wH =3 [ Iror

The map B(-) — x(-) is, however, not continuous in the usual topology on C[[0, T]; R¢].
For any N and € > 0, we can approximate X (f) by xy ¢ (f), which solves

t t
xwet) = 5+ VE [ ol el (s)ABE) + [ blameloy(s))ds
0 0
where Ty (s) = []IV\,—S] The coefficients are frozen and updated every % unit of time. The
map B(-) — xn(-) is continuous, and therefore the distribution of x (¢) satisfies a large-
deviation principle with rate function

1 T
() =5 [l v oML ) = bl o)) ds
1 T
=5 [ G L 0) = bl D] [ 6) = bl () .
The proof is completed (see Theorem[3.9]) by proving that for any § > 0,
(3.14) lim lim sup € log P[ sup ||xn,e(®) —xe(t)]| = 5] = —00
N—oo  e0 0<t<T

and
(3.15) I(f) = fAi]H_f)f liminf 7 (fn)

where the infimum is taken over all sequences { fx } that converge to f.
Denoting by Zn () = xn,c(f) — xc(¢), we have

Ze(t) = e [0 en(s)dB(s) + [0 g (5)ds
where

len ) = [o(xne(n(5))) —=o(x($)| < AN Zne()| + Allxn,e (N (5) = XN, ()]
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and

len ) = [b(xne(n () = b(xe(s) || < ANZn.e($)]| + Al xn,e (TN (5)) = xn,e(5)]-

If we define the stopping time t as

t=inf{s : [|xne(TN () = XN Z Ny AT,

P[ sup [xwet) —xe(0)] = 6]

0<t<T

< P[ sup xne(®) — xe ()] = 8] + Plr < T
0<t<rt

< P[ sup [xne(t) = xe(@)| = 8]+ P[ sup [xne(n(s)) — xne(s)Il > n]
0<t<t 0<s<T

=0 + O,.

Let us handle each of the two terms separately. First, we need this lemma.

LEMMA 3.10. Let z(t) be a process satisfying
N
200 = [ ew-aps)+ [ g(ords
0

with |le(s)] < Bm* + |1z|5)Y2, |g(s)| < A? + ||z]|*)Y? in some interval 0 < t < ©
where t < T is a stopping time. Then, for any £ > 0,

)4
P[ sup Jz(5)] = 8] < [ ] (TEACHEE)

0<t<t §% + n?
PROOF. Consider the function
F@) = 7 + ).
By 1t6’s formula,
df(z@) = (V)(z@)-dz(t) + %Tr[(sz)(Z(t))e(t)e*(t)]dt = a(t)dt +m(1)
where m(¢) is a martingale and
la()] < @BE+ 442 (P + [|2()]P)".

Therefore,
f(Z (t))e_t (2AL+4B2(?)

is a supermartingale and

2 V4
n T(2AL+4B2(2)
P| sup ||z(s)|| = 5| < e . O
[0 12671 = 8] < |:82+n2]

In0 <t < 1, we have
2, 213 2 213
lenll < 2A[IIZN.el* + 0*]7: llgnll < 24[I1ZN.e 1 + 7]
Applying the lemma with 24 and 2./€ A replacing A and B, we obtain with £ = %
2
82 4+ n?
Now, we turn to ®,. We will use the following lemma.

(3.16) elog®; <log + T[24 + 442].
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LEMMA 3.11. Let
z(t) = x + \/E/O e(s) - dp(s) +/0 g(s)ds

where |le(s)|, |lg(s)| are bounded by C. Then, for any n > 0,
limsuplimsupelog P[ sup [z(wn(s)) —z(s)|| = n] = —oc.

N—oco €0 0<s<T

PROOF. We can choose N large enough so that Q < % Then, we need only show that

/(;e(s) dp _2f:| 0,

which is an immediate consequence of the following observation. If e(s)e*(s) < CI, for
any k > 0 and unit vector # € R¥,

Ck?t
exp[ < ,/ e(s) - dﬂ(s)> i|
is a supermartingale and

t 2
P[ sup < /0 e(s) - dﬂ(s)> > ,0:| < exp|: kp + Ckz T:|.

0<t<T

lim sup lim sup log P |: sup

N—>oco €—0

0<t<4r

Optimizing over k, we get

> < — p2
Pl o[ - apw) = o] < e[ 527 | .

This shows that, for any 1 > 0,

(3.17) lim sup lim sup € log ®, = —oo0.

N—oco €—0

We conclude by letting ¢ — 0, then N — oo, and finally  — 0. Estimates (3.16) and
(B.17) imply 3.14D.

Finally, it is not difficult to show that
T T
e timint [ (0.7 U ey ) )t = [ {7007 o) 7o)
INCG)—>f(-) N—oo Jo 0
We have therefore proved the following theorem.

THEOREM 3.12. Let{a;, ;(x)} be smooth and uniformly elliptic, and let b(x) be smooth
and bounded. Then the distribution Pe x of diffusion with generator

(Leu)(x) = Zaum (x)+2b(x) -

ljl

satisfies on C[[0, T],R?] as € — 0 a large-deviation principle with rate

T d
1) =5 [ X GO 0= b0 (0 - brelar

ij=1

if f(0) = x and f(t) is absolutely continuous with a square integrable derivative. Other-

wise I(f) =
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REMARK 3.13. In our case it is easy to show directly that | Jy{f : IN(f) < £} is
totally bounded. From the bounds on b and a™!, it is easy to conclude that

T
Uts  In(f) <) {f:/ L O de < ¢
T 0
for an ¢’ depending on £ and the bounds on ! and b.

3.6. Short-Time Behavior of Diffusions

Brownian motion on R¢ has the transition density

—y|? 2
e = o] B2 (1)) o] A2 (1))

where d(x, y) is the Euclidean distance. If we replace the Brownian motion with indepen-
dent components by one with positive definite covariance A, then the metric gets replaced
by d(x,y) = +/{A~1(x — y), (x — y)) and a similar formula for p(z, x, y) is still valid,
as seen by a simple linear change of coordinates. The natural question that arises is whether
there is a similar relation between the transition probability density p. (¢, x, y) of the dif-
fusion with generator

d

(L) =5 Y a0

i,j=1

2y

0
Bx,- BXJ'

d
du
() + Db (1) 5—(x)
T Xj
Jj=1
and the geodesic distance d(x, y) between x and y in the Riemannianian metric

ds? = Zal_]l (x)dx; dx;.
i,J
We will show that indeed there is. In the special case when b = 0, for the generator

L _fza..(x)a_z
R A e A IO T

i)j J

the rate function takes the form

1 T l -1 U
100 =5 [ oo

This is not changed if we add a small first-order term; i.e.,

€ 92 0
Le=32 a1 () g +60) lel-(x)a—xl_

i,J

where §(¢) — 0 as € — 0. Denoting the two measures by Q. and P, the Radon-Nikodym
derivative is

dQe
dPe

$ T §(€)2 T
—exp| " [t b, dx) = 55 [ b bexiomas],

From the boundedness of a, a1, and b, it is easy to deduce (see exercise at the end) that

for any k,
; Pe € —
ehrr(l)elogE |:|:d E:| :|—O
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dp. 7"
lim € log E2 d =0.
e—0 dQ.

We can now estimate, by Holder’s inequality,

and

dQ.
dPE “q,Pé ’

dQ. 1
0.(4) = / d%é dP. < [Pe(A)F |
A

as well as,

dP. 1, dP,
Pett) = [ 455400 < [0 | 95 0.
A

By choosing p > 1 but arbitrarily close to 1, P.(A) and Q.(A) are seen to have the same
exponential decay rate.

The process with generator € £ is the same as the process for £ slowed down. Therefore,
the transition probability p(e, x, dy) is the same as the transition probability pe(1, x, dy)
of € L. By the contraction principle, we can conclude that for G open

3.18 lim inf 2€ 1 ,x,G)>— inf I(f).
(3.18) im inf 2¢ log p(e, x, G) P (f)

F()eG
and for C closed

(3.19) limsup2elog p(e,x,C) > — inf I(f).
e—0 [ f(0)=x,
f(nec

Moreover, an elementary calculation shows that

1

inf I(f) = zd(x,y)?

Lt I(f) = 5d(x.y)
f(=y

where d(x, y) is the geodesic distance in the metric ds? =

then use the Chapman-Kolmogorov equation

-1 . .
i 4 (x)dx; dx ;. One can

plt.x.y) = fp(zl,x,dzmz—n,z,y)

and improve the estimate on p(¢, x, A) to an estimate on p(t, x, y) that takes the form

2
o= 452 (1)

Another way of looking at this is, if we have a Riemannian metric ds? =
> gi,j(x)dx; dx;j on R4 where {gi,j (x)} are smooth, bounded, and uniformly positive
definite, then the diffusion with generator %A ¢ where Ag is Laplacian in the metric g has
transition probability density that satisfies

2
(3.20) pt.x.y) = eXP[—dg(;—;y) + 0(;):|

where d, (x, y) is the geodesic distance between x and y in the metric {g; ; (x)}.
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3.7. Supplementary Material

The work on small-time behavior of diffusions was suggested by a result of Cieselski [1]]
that if pg(z, x, y) is the fundamental solution of the heat equation u; = %A with Dirichlet
boundary condition on the boundary dG of an open set G and p(z, x, y) the whole space
solution, then

B pe(t,x,y)
im———==1
=0 p(t,x,y)
forall x, y € G ifand only if G is essentially convex. Intuitively, this says that if a Brownian
path goes from x — y in a short time, then it did so in a straight line. The analogue for
diffusions would be that the geodesic replaces the straight line. This is a consequence of
the large-deviation result as is shown in the following exercises.

Exercise. Assuming a PDE estimate of the form

lim limsup ¢t sup log p(t,x,y) = lim liminf ¢ inf logp(t,x,y) =0
850 =0  |x—y|<$ §—>0 =0 |x—y|<é

for the fundamental solution of p(¢, x, y) of u; = Lu, use (3.18)) and (3.19) to prove (3.20).

Exercise. Deduce that the measure Qe ,, on path space C[[0, 1], R?] starting from x with
transition probability

_ ple—s). X" y)pe(l —1). )", y)
pe(l=9)x",y)
concentrates as € — 0 on the set of geodesics connecting x and y.

Strassen in [27]] used the large-deviation estimate to prove a functional form of the law
of the iterated logarithm. Let B(¢) be the one-dimensional Brownian motion. Let

B(Ar)
Pr(t) = ————.
VAloglog A
Then, on the space C|[0, 1] with probability 1, the set {8,(:) : A > 10} is conditionally
compact and the set of limit points as A — oo is precisely the set of f such that £(0) = 0
and I(f) = % fol [#'(t)]?>dt < 1. The proof is very similar to the proof of the usual law

of the iterated logarithm. Due to the slow change in A, it is enough to look at A,, = p" for
p > 1. Then,

(Ie,x,y(S, x't, y/)

PBo(-) € B(f.8)] =),
and we now apply the Borel-Cantelli lemma. One half requires p — 1, and the other half
requires p — oo to generate near independence. Now using Skorohod imbedding, one
can deduce a similar result for sums of i.i.d. random variables with any arbitrary common
distribution with mean 0 and variance 1.
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CHAPTER 4

Large Time

4.1. Introduction

The goal of this chapter is to prove the following theorem:

THEOREM 4.1. Let S, = X1 + -+ + X, be the nearest-neighbor random walk on 74
with each X; = e, with probability ﬁ where {e,} are the unit vectors in the d positive
coordinate directions. Let D,, be the range of Si, ..., Sy on Z%. |D,| is the cardinality of
the range Dy,. Then

lim —;
"0 a2

log E[e‘”lD"l] =—k(v,d)

where

k(v.d) = inf [v(d)e? + A(d)e?]

with v(d) equal to the volume of the unit ball, and A(d) is the smaller eigenvalue of —ﬁ A
in the unit ball with Dirichlet boundary conditions.

The starting point of the investigation is a result on large deviations from the ergodic
theorem for Markov chains. Let IT = {p(x, y)} be the matrix of transition probability of
a Markov chain on a finite state space X'. We will assume that for any pair x, y, there is
some power n with I1"(x, y) > 0. Then, there is a unique invariant probability distribution
m = {m(x)}suchthat ), 7(x)p(x,y) = n(y) and, according to the ergodic theorem, for
any f : X — R almost surely with respect to the Markov chain Py starting at time 0 from
any x € X',

Jim 3 ) = Y £,
=1 x

The natural question on large deviations here is to determine the rate of convergence to 0

of
> 8]

More generally, on the space M of probability distributions on X we can define a proba-
bility measure Q, x defined as the distribution of the empirical distribution % 27:1 8x;
which is a random point in M. The ergodic theorem can be reinterpreted as

@.1) P H% Do)=Y fm(x)
j=1 x

lim Qnx = 6x;
n—>oo

29
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i.e., the empirical distribution is close to the invariant distribution with probability nearly 1
asn — oo. We want to establish a large deviation principle and determine the correspond-
ing rate function 7(u). One can then determine the behavior of (1)) as

lim llogPH% Z f(X;) —Zf(x)ﬂ(X)

n—oo n
j=1 X

= 5] = int 16| @) ~ | = 5],
With a little extra work, under suitable transitivity conditions, one can show that for x € 4,
.1 . .
nlerolo p log Pn,x[Xj cAforl <j < n] = _u:M184§=1 I(w).
There are two ways of looking at /(u). For the upper bound, if we can estimate for
Vey :
limsup — log EX[V(X1) + -+ + V(X,)] < A(V):

n—oo N

then, by standard Chebyshev-type estimate,

1 1 o

—I(w) = lim lim sup — log P [— > 8x, € N(u. 5)} <—sup [/ V(x)dm(x) — A(V)}.
§—0 nsoo N n o1 Vey

Of course, when the state space is finite, [ V(x)du(x) = >, V(x)u(x). Notice that

AV + ¢) = A(V) + c for any constant c. Therefore,

“2) W= sup / V() du ().
A2

It is not hard to construct V' such that A(V) = 0.

LEMMA 4.2. Suppose u : X — R satisfies C > u(x) > ¢ > 0 for all x. Then,
uniformly in x and n,

n
c C
4.3) ¢ = Ex [exp[z V(X»ﬂ <=
i=1
where V(x) = log (qu(;c()x) with (wu)(x) = 3, w(x, y)u(y). In particular, A(V) = 0 and
@.2) holds.

PROOF. An elementary calculation shows that

Soux) 71 UuXy) _ux) _C
Ex[n (nu)(xl-)} = EE’“[H (nu)(xo”(x")} AR

i=1 i=1

and

<
—~

)
~

o

n n—1
u(X;) ] 1 [ u(X;) }
E ————|>E ———u(Xp) | = —— = <. O
[1:[1 (u)(X;)| ~ ™ 1:[1 ) (X;) " c ~c
To prove the converse, one “tilts” the measure Py with transition probability 7 (x, y) to

ameasure Q, with transition probability ¢ (x, y) > 0 that has yu as the invariant probability.
Then, by the law of large numbers, if

1 n
Ap g = A1, 2} 218 € N(.8)}.
iz
then
Qx[An,/L,B] —1
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as n — 0o. On the other hand, with x¢o = x, using Jensen’s inequality,

n—1

Px[An,u,S] = / |:lj[ M]de

0 q(xlv-xl-i-l)

o / [ﬁ M]dg
rem Ox[An s i—o q(Xi, Xi+1) *
- . q(xi, Xi41)
QX[A ,MS]C p[ Qx nuﬁ] / |: n(xiaxi+1)i|de:|.

A simple application of the ergodic theorem yields

1
liminf — logP [An sl > — E n(x)q(x,y)log q(( y))
n—>o00 ay
x,y

Since ¢( -, -) can be arbitrary, provided g = ¢q;ie., Y, u(x)q(x,y) = u(y), we have

o] q(x,y)
Slgrz)lzrggéf;logP[ ;8;( e N(u, 5):|>— inf Zp,(x)q(x y) log e

In the next lemma, we will prove that, for any wu,

sul())z,u(x)log (;;(;C()x) = . ZH(X)‘](X ) log

q(x,y)
T(x,y)

With that, we will have the following theorem:

THEOREM 4.3. Let (x,y) > 0 be the transition probability of a Markov chain {X;}
on a finite state space X. Let Q, x be the distribution of the empirical distribution y, =
% >-7_1 8x, ofthe Markov chain started from x on the space M(X) of probability measures
on X . Then, it satisfies a large deviation principle with rate function

u(x)
(ru)(x) u:u

q(x,y)
m(x,y)

Since we have already proved the upper and lower bounds, we only need the following
lemma:

1) = sup > u(x)log Z 1(x)q(x. y) log

LEMMA 4.4.
u(x) q(x,y)
EE%E u(x)lo g( D) . E m(x)gq(x,y)log ——— -

PROOF. The proof depends on the following minimax theorem: Let F(x, y) be a func-
tion defined on C x D, which are convex sets in some nice topological vector space. For
each fixed y, let F' be lower semicontinuous and convex in x and, for each fixed x, upper
semicontinuous and concave in y. Let either C or D be compact. Then,

inf sup F(x,y) = sup inf F(x,y).
xeC yeD yeD xeC
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Wetake C = {v: X - R}, D = M(X x X),and forve C,m € D,

L, D) log e
= inf sup[Z[v(x) —v(W)]g(x, y)u(x) + ZM(X)CI(X ) log Q(( i’}))}
= supinf [Z[v(x)—v(y)]ez(x M) +Zu(x)q(x ¥) log qi i)) ]

The function F is clearly linear and hence concave in v while being convex in g. Here the
supremum over v of the first term is either O or infinite. It is 0 when ;g = p and infinite
otherwise. The infimum over ¢ is over all transition matrices g(x, y). The infimum over ¢
can be explicitly carried out and yields, for some u and v,

0g 152 _ ()~ v,
Try)

The normalization Zy g(x,y) = 1 implies e*® = (we*)(x). The supremum over v
turns into
u(x)

(ru)(x)’

REMARK 4.5. It is useful to note that the function f log f is bounded below by its
value at f = e~ ! which is —e~!. For any set 4, any function f, and any probability
measure /L,

O

sup Z 14(x) log

/flogfdu < /flogfdu +e!

A
4.2. Large Deviations and the Principal Eigenvalues

Let {p(x, y)}, for x, y € X, be a matrix with strictly positive entries. Then there is a
positive eigenvalue p such that it is simple, has a corresponding eigenvector with positive
entries, and the remaining eigenvalues are of modulus strictly smaller than p. If p(-, -)
is a stochastic matrix, then Zy p(x,y) = l;ie., p = 1 and the corresponding eigenvec-

x,)u(y)

tor u(x) = 1. In general, if Y p(x, y)u(y) = pu(x), then n(x,y) = p(pu(x)

stochastic matrix. An elementary calculation yields

PP yu(y) = p"u(x),
y

isa

and consequently,

infyu(x) , . ( sup,, u(x)

TV < inf n) , < (n) , < X"V n

sup,, u(x) =1 Xy:p (x.y) = S‘ipr:p (x.7) = infy u(x)
Combined with the recurrence relation

Py =" p" (. 2)p(z.y),
z
it is easy to obtain a lower bound
sup, u(x)

P+ (x.y) = inf p(z. y)mpr(")(x 2z inf ple )L
mi, u(x
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In any case, there are constants C, ¢ such that
cp” = p™(x,y) = Cp™;

p = p(p(-)) is the spectral radius of p(-, -). Of special interest will be the case when
p(x,y) = py(x,y) = n(x,y)e”®; ie., p multiplied on the right by the diagonal ma-
trix with entries {¢¥®)}. The following lemma is a simple computation, easily proved by
induction on n.

LEMMA 4.6. Let P, be the Markov process with transition probability w(x, y) starting

from x. Then,
EFPx |:exp|:z V(Xl-):H = Zpg/”)(x,y)
i=1 y

where py (x,y) = n(x, y)e’VO).
It is now easy to connect large deviations and principal eigenvalues.

THEOREM 4.7. The principal eigenvalue of a matrix p(-, -) with positive entries is its
spectral radius p(p(-, -)) and the large deviation rate function I(|L) for the distribution of
the empirical distribution % Y71 8x, on the space M(X) is the convex dual of

A(V) =logp(py(-. ).

REMARK 4.8. It is not necessary to demand that 7 (x, y) > 0 for all x, y. Itis enough
to demand only that for some k > 1, 7®)(x, y) > 0for all x, y. One can allow periodicity
by allowing k to depend on x, y. These are straightforward modifications carried out in the
study of Markov chains.

4.3. More General State Spaces

It is natural to assume that the state space X is more general than a finite set. We
could assume that it is a compact metric space and that the transition probability is given
by 7 (x,dy). One needs to assume that the map x — 7z (x, -) is weakly continuous as a
map from X — M(X), the space of probability measures on X with the topology of weak
convergence. Then, the probability distribution Q, . of %ZLI 8x;, on M(X) starting
from a point x € X is expected to have a large deviation behavior in the weak topology
with the rate function

= s [1oe 2 i)
ueC(X), (mu)(x)
infy u(x)>0<X

The upper bound proceeds the same way and the lower bound and can be easily proved if one
assumes that 7w (x,dy) = 7(x, y)dA(y) has a density 7 (x, y) with respect to a reference
measure A and 7 (x, y) > ¢ > 0. Actually, weaker conditions will suffice but will involve
a little bit more work. The proof is not all that different from the finite state space case.

One can deal with Markov processes in continuous time with transition probabilities
n(t, x,dy), and we are looking at large deviations of Q; ,, the distribution of % fé Sx)ds
on M(X) under a Markov process with transition probability 7 starting from the point x.
The rate function now takes the form

. (Lu)(x)
1 =— f d
() ueCl(gf)ﬂD,/ u(x) wx)
infx u(x)>0 X
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where £ is the infinitesimal generator for the semigroup (7; f)(x) = [ f(y)7(t. x,dy).
One way of proving it is to approximate % fé Sx(s)ds by %Zl <j<k 8x(jn- Its distribution
will have a rate function

u(x)

In(p) = sup / log dp(x).
ueC(X), (1) (x)
infx u(x)>0
Since time has step size &, the proof reduces to showing
I
lim w1 = I(w).
h—0
Roughly speaking, 7, = I + hL + o(h) and
hL h L
THU u U

One often has to deal with noncompact spaces. Since the lower bound is local, there
is generally no problem with it. The upper bound requires some compactness or, if we do
not have it, then the process should have strong positive recurrence that allows us to control
time spent by the process outside a compact set. These types of results have been worked
out in detail in many places. See the end of the chapter for references. We will not use them
directly, but establish what we need in our special case.

4.4. Dirichlet Eigenvalues

Let F C X. Our aim is to estimate, for a Markov chain Py with transition probability
7(x, y) and starting from x € F,

Px[Xi eF, i=1,...,n = Z w(x, x1)p(x1,x2) - w(xXp—1,%n)

X155 Xn€F

=Y PPy
y

where pr(x,y) = n(x,y) if x,y € F and 0 otherwise. In other words, pr is a sub-
stochastic matrix on F'. In some sense, this corresponds to py where V' = 0 on F' and —oo
on F°. The spectral radius p(F') of pFr has the property that for x € F,

1
lim —log Py[X; € F, i =1,...,n] =logp(pr).

n—oon

In our case, it is a little more complicated because we have a ball of radius cn®* and we want
our random walk in 7 steps to be confined to this ball. The set F' of the previous discussion
depends on n. The idea is if we scale space and time and use the invariance principle as
our guide, this should be roughy the same as the probability that a Brownian motion with
covariance %I remains inside a ball of radius ¢ during the time interval 0 <7 <n =2 e
have done the Brownian rescaling by factors 72 for time and n® for space. This will have
probability decaying like A4 (c)n'=2% where A4(c) = ﬁ—g is the eigenvalue of % for the
unit ball in R¢ with Dirichlet boundary conditions. The volume of the ball of radius cn®
is vgc?n9 and that is roughly the maximum number of lattice points that can be visited
by a random walk confined to the ball of radius cn®. The contribution from such paths is

exp[—vvgcn®d — ﬁ—gnl_m]. It is clearly best to choose & = 2 so that we have

1 A
liminf ——log E[exp[~v|D,l]] = _|:VUdCd + C—;’}

n—oo 7%



4.5. LOWER BOUND 35

If we compute
A
inf |:vvdcd + —§:| = k(d)vd%rz,
c>0 C
then
log E [exp[—v|D,|]] = —k(d)vd%r2

lim inf
n—>o0 nasz

We will first establish this lower bound rigorously and then prove the upper bound.

4.5. Lower Bound

We begin with a general inequality that we will use repeatedly. Let P, Q be two prob-
a9

ability measures on some probability space. Assume that Q < P and, with y = 75, we
have [y logy dP = H(Q, P) = H < oo. Then:
LEMMA 4.9. For any function f,
E2[f] <log EP[e/]+ H.

Moreover, for any measurable set A,

o) < 42
log P
and
4.4) P(A) = Q(A) exp[—H — ; / |H —log1//|dQ].
0(4)

PROOF. Itis a simple inequality to check that forany x and y > 0, xy < e*+ylogy—
y. Therefore,

EQ[f] = EP[fy] < EPle’ +ylogy —y] = EF[e/] + H 1.
Replacing f by f + c,
E2[f] <e‘EP[e/]+ H—1—c.
With the choice of ¢ = —log E ¥ [e/], we obtain
EC[f] <log EP[¢/] + H.
If we take ' = c x4,
0(A) < [log[e P(A)+1—-P(A)]+ H|
with ¢ = —log P(A),

H+2
o=
Finally,
P(4) z[ Va0 > Q(A)W Va0 > Q(A)GXP[—ﬁflogI/fdQ}
A A
and

(A)/long H—@ [H — log y]dQ < H+m/|H—IngIdQ 0
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LEMMA 4.10. Let c, c1, ¢c3 be constants, with ¢y < c. Then, for the random walk { Py},

LAim - Py, [Xi € BO,cn®)V 1 <i<cin*® X, 20 € B0,c2n%)]
n~%x,—>x

= Qx[x(t) € B(0,c) YVt €]0,c1],x(c1) € B(0,¢2)]
= f(x,c,c1,¢2)
where Q5 is Brownian motion with covariance %I .

This is just the invariance principle asserting the convergence of random walk to Brow-
nian motion under suitable rescaling. The set of trajectories confined to a ball of radius ¢ for
time c; and that end up, at time ¢y, inside a ball of radius c; is easily seen to be a continuity
set for Brownian motion. The convergence is locally uniform and consequently

lim inf  Px[X; € BO,cn®) ¥V 1 <i<cin® X, 2« €B0,cn%)]=

n—o00 x€B(0,con%)

inf  f(x,c,cq,c2).

x€B(0,c3)
In particular, from the Markov property
Py[X; € B(O,cn®) V1 <i < n)]>
nl—2a
inf  Py[X; € BO,cn®)V1<i<cin® X, 2 €B0,c2n%)] 1,
x€B(0,con%)
showing

1 1
lim ———log Po[X; € B(0,cn*)V1<i<n)]> inf —logf(x,c, c1,c2).
n—oo pl—2a X€B(0,c2) C1

Since the left-hand side is independent of ¢y, we can let ¢; — oo.
LEMMA 4.11. For any c; < c,

1 A
lim inf  —1log f(x,c,c1,¢2) > ——g.
€1—>0 xeB(0,c2) C1 c

PROOF. Because of the scaling properties of the Brownian motion, we can assume
without loss of generality that ¢ = 1. The idea of the proof is to construct a process Q
with the following properties:

e The process Q is a diffusion with generator % A+ b(x)-V, which is absolutely
continuous with respect to Py, the Brownian motion with generator %A.

e The first-order term b ( - ) is strong enough near the boundary that the paths under
0 almost surely do not reach the boundary of the unit ball in finite time.

e There is an invariant density g(x) for the process with generator ﬁ A+b(x)-V
that is the unique normalized positive solution of ﬁAg —V-b(x)gx)=0.

dQ0x

e The Radon-Nikodym derivative 7 P, on the o-field of events up to time 7 is given
by
d g d (!
tog 425 = w0y =d [ bx(s))-dx(s) = 5 [ e
dPx 0 2 0
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|-o

and the convergence is uniform over x € B(0,r) forr < 1.

the ergodic theorem implies

Tim EQx[‘“’) d / (o Pg(x)dx

t 2
B(0,1)

Let A; be a set measurable with respect to the o-field unto time . We can then use @.4) to
conclude that if, for some r < 1, infyep(o,r) Ox(As) > g > 0, then

1 d
f —log Px[A;] > —= 2 :
Lt oAl = =5 [ boPetodx
B(0,1)

We now produce such a b(x). Let —A; be the ground state eigenvalue of ﬁA on
B(0, 1) with Dirichlet boundary conditions and with a corresponding eigenfunction ¢ (x) >
0 inside B(0, 1). We take b(x) = 1 V¢ . The function u = log ¢ satisfies

1V 1 |Vo|?
RIS N\ 7]
2d d ¢ 2d ¢
Therefore —u(x (1)) — A4t is a supermartingale and u is bounded below. It cannot blow up
in a finite time. Hence, the zero set of ¢ is never hit in finite time. This shows the absolute
continuity of Q with respect to Py. One can verify that with g = ¢2

L Ve
24°8 72" g ¢

—Ad.

Finally,

d 1 1
< [ p(oPg (o = o / Vdr =~ / $AGdx = —Ag / 62 dx = g
O

4.6. Upper Bounds

Let us map our random walk on Z¢ into a walk on the unit torus by rescaling z —

N € R¢ and then on to the torus T¢ by sending each coordinate x; to x; (mod) 1. The

transition probabilities Iy (x, dy) are x — x :I: i with probability 5. 5g- Letu > Obea
smooth function on the torus. Then,

ﬁ Zi,:l: u(x £ ?v_i)
u(x)
log[l N Yl £ ) — u(x)]}
u(x)
1

Au s

Denoting the distribution of the scaled random walk on the torus starting from x by Py x,
we first derive a large deviation principle for the empirical distribution

n
an,w) = 125;([
n

i=1

u
log — (x) = —
ogHM(X)
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where X; € T9 are already rescaled. We denote by O, n, x the distribution of o, on
M(T?). Ifn — oo, N — o0, and k = 5 — oo, then we have a large deviation

N2
principle for Q, yx on M(T?).
THEOREM 4.12. For any closed set C € M(T49),

lim sup —log Onnx(C)<— 1nf I(w)
N—o0, k
k= 2—>oo

and, for any open set G € M(T?),

1
liminf —1 > —inf I
Iggloré, X 0g On N x(G) = Jnf, (1)
k— 5 —>00

where, if du = fdx and V\/f € Lo(T%),

LR,
)= ga [ S = 5 [ 19V a

Otherwise, I(1) =

PROOF. Lower Bound. We need to add a bias so that the invariant probability for the
perturbed chain on the imbedded lattice %Z?{, is close to a distribution with density f on
the torus. We take v(x) = )_ y7(x,y) f(y) and the transition probability to be

NAS))
m(x,y) =m(x, y)——=.
v(x)
Then, ) v(x)7(x,y) = ﬁ >.i+ f(x £ ei) = v(x); so, the invariant probability is

Zv (;‘()x). It is not hard to prove (see exercise) that if N — oo and 175 — oo, then

- Z V(X;) — / V(x) f(x)dx

z—l

in probability under Q n,N,x» provided V' is a bounded continuous functionand [ f(x)dx =
1. So, the probability of large deviation will have a lower bound with the rate function
computed from the entropy

93 SO) 1o F0)

v(x)m(x, Y)ﬂ v(x)

f(»)
>, Ty f()

~ 5 Zn(x,y)f(y)log

- / IIVfII2
- N2 8d

Upper Bound. We start with the identity

n 1 1
3d 2 i“(Xj + _ei)
EPn.x |:exp|:— Zlog 2d &, N H
j=1

M(Xj)

Ly, 1,
— E9n.Nx |:eXp|:—n/10g 2d Zt,:l:uu(i); + Nez>d(:(:|:|

=1
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Since
ﬁ Zi,:l: u(x + %e,-) 1 Au

2
1 =
N*log u(x) - 2d u (x)

uniformly over x € T4, it follows that

lim lim sup %Qn,N,x[B(a,S)] 5/[%(;()}10{.

Optimizing over u, we obtain

1
lim limsup —Qu nx[B(,8)] < —1(x)
§—>0 N—o0, k

k=#—>oo

where

4.5) I(x) = % sug/[—%(x)}doz. |

A routine covering argument, of closed sets that are really compact in the weak topol-
ogy, by small balls completes the proof of the upper bound. It is easy to see that /() is
convex, lower semicontinuous, and translation invariant. By replacing « by as = (1 —
8 * ¢ps + 8, we see that I(ag) < I(a), s — o as § — 0, and g has a nice density f;.
It is therefore sufficient to prove that for smooth, strictly positive f,

1 Au _ 1 ||Vf||2
2 | [‘T(X)}f(x’d"—@/ o

Writing u = e”, the calculation reduces to
1

%szp[/[—Ah — |Vh|2]f(x)dx} = ﬁszp [/[(Vh,Vf)dx —/ |Vh|2]f(x)dxi|

_ L v/

One inequality is just obtained by Schwarz and the other by the choice of & = \/7 .

EXERCISE 4.13. Let ITj, be transition probabilities of a Markov chain P}, , on a com-
pact space X such that %[H » — 1] — L where L is a nice diffusion generator with a unique
invariant distribution p. Then, for any continuous function f : X — R, for any € > 0

1 n
lim sup sup Ph,x|: -> f(Xj)—/f(X)du(X) > e} =0.
h—0 x n-
nh—><;o J=1

Hint. If we denote by i, 5 x the distribution % Z?:l I/ (x, -), then verify that any limit
point of p, 45 ash — 0, nh — oo, and x’ — x is an invariant distribution of £ and,
therefore, is equal to p. This implies
lim Mn,hx = MU
h—0,
nh—o0

uniformly over x € X. The ergodic theorem is a consequence of this. If [ V(x)du(x) = 0,
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then ignoring the n diagonal terms,
.1
lim — E,[(V(X1) + -+ V(Xy))?]
n—oon
1
<2 lim —sup |[V(x)E[V(Xit1) + - V(X)|X; = x]|
>0 N xi
=0.

4.7. The Role of Topology

We are really interested in the number of sites visited. If o, is the empirical distribu-
tion, then we can take the convolution g, n,, (x) = ap(dx) * N 41 ~ (x) where Cy is the
1

cube of size ; centered at the origin. Then,

1
X : gn,Nw(x) > 0} = W|Dn(w)|

where | D, (w)]| is the cardinality of the set D, (w) of the sites visited. We are looking for a
result of the form

THEOREM 4.14.

1
lim sup i log E kNN [exp[—v|{x : g(x) > 0}[]] <
k—o0,
N—>o§o

\V/ 2
~ inf [v|{x:g(x)>0}|+i/| gl dx]
£>0, d

8 g
fe=1

where Q2 y is the distribution of gn N, (X) = aty (dx)xN¢ Iy (x)on Ly(T 4y induced
by the random walk with n = kN? starting from the origin.

We do have a large deviation result for Qy y2 y Withrate function /(g) = é f % dx.
We proved it for the distribution of ¢, o, on M (T ) in the weak topology. In the weak topol-
ogy, themapo — axN? Ic, (x) of M (T4) — M(T?) is uniformly close to identity that
the large deviation principle holds for Qy y2 y that are supported on L (T9) € M(T?)

in the weak topology.
If we had the large deviation result for Q4 y2 y in the L topology, we will be in good
shape. The function F(g) = |{x : g(x) > 0}| is lower semicontinuous in L;. We can

use Theorem 2.6] It is not hard to prove the following general fact: Let § > 0 be arbitrary.
Let ¢ (x) be an approximation of the identity. Then g5 = g * ¢s is amap of Ly — L.
This is a continuous map from L; C M(T?) with the weak topology to L; with the strong
topology. If we denote the image of O y2 y by Qi N2N° itis easy to deduce the following:

THEOREM 4.15. For any § > 0, the distributions QliNZ  satisfy a large deviation

principle as k — 0o and N — 00, so that for C € L1(T?) that are closed we have
1

. 8 .
1211501;’1) 3 log Qp y2 y[C] = g:ggc 1(g)
N—oo

and for G that are open

1
liminf — log Q¢ G]l> inf I(g).
im inf og Op v wl ]—g:};;ec ()

N—o00
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But, we need the results for § = 0, and this involves interchanging the two limits. This
can be done through the superexponential estimate.

THEOREM 4.16.

. . 1
lim sup lim sup Elog QliNZ ylgllgs —gllh = €] < —o0.
§—0 k—o0, ?
N—o0

Once we have the above result, it is not difficult to verify that the rate function for
Qkn2.n in Ly is also I(g), and we would complete our proof. We will outline first the
idea of the proof and reduce it to some lemmas. Denoting N1 ¢ ~ by xn, the quantity

oo % N¥Lcy * ¢ps —a x N1y ||, =  sup /V*XN *¢5da—[V*XNda
Viv(x)|<1
= sup /V*q&gda—/Vdoz
VeKy

where Ky, the image of V : |V(x)| < 1 under convolution with y, is a compact set in
C(T?). Given € > 0, it can be covered by a finite number 7 (N, €) of balls of radius 5. Let
us denote the set of centers by Dy e, whose cardinality is T(/V, €). Then we can estimate

/(V*gbg—V)da > %]

We begin by estimating the size of 7(/, €). The modulus continuity of any W € Dy,
satisfies

Ownvenlg i llgs — gl = €] < t(N,e) sup Qsz,N|:

VeDn e

W) — Wy)| < / X =2) = 2y —2)ldz <

provided |x — y| < /N for some 1 = 5(e). We can chop the torus into [N/7]¢ subcubes

and divide each interval [—1, 1] into 4 /€ subintervals. Then, balls around [4 /€](N/ n? sim-
ple functions will cover Dy . So, we have proved

LEMMA 4.17.
log T(N,€) < C(e)N¥.

LetJs ={W : W =V x¢s —V}and |V|e < 1. We now try to get a uniform

estimate on
Qsz’N['/de

where Py x is the probability measure that corresponds to the random walk on Zf\, starting
from x at time 0. We denote by

€ 1 ke €
> 5] = PN,X[WZ W(X;) > 5}

i=1

kN2
A
Ok, N.2.8) = sup sup EP”"‘[GXP[W ZW(X»H

xezd, WeJs i=1
If we can show that |
lim lim T log®(k,N,A,8) =0

§—0 k—o0,
N—o00

for every A, then
1
T log Qrn2 N H/ Wda

€ e 1
. E] < _[ki - Elog@(k,N,)L,S)]
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and

1
limsup limsup sup — log QszNH/Wda
§—>0 k—oo, WelJg k ’
N—o0

Since A > 0 is arbitrary, it would follow that

1
limsuplimsup sup —log Qypn2 N|:
§—>0 k—oo, WelJs k ’
N —oo

Finally,

LEMMA 4.18. Forany A > 0,

1
lim lim Elog@(k N,A,8) =0.

§—0 k—o00,

N—00
PROOF. We note that for any Markov chain, for any V
log sup EPx |: Z V(X; )]:|
i=1
is subadditive and so it is enough to prove
lim i f —log®(k,N,A,8) =0. O
JITp W g T Ok oA 0) =

We can let k — ¢ (keeping n = N 2k an integer) and consider the limit

O(t,1,8) = sup sup EPx[exp [A/Ot W(,B(s))dsﬂ

xeTd Wels

where P, is the distribution of Brownian motion with covariance %I on the torus T¥.
Since the space is compact and the Brownian motion is elliptic, the transition probability
density has a uniform upper and lower bound for # > 0, and this enables us to conclude that

lim sup lim sup log — @(t A,8) =0,
§—0 100
provided we show that for any A > 0,

\V/ 2
limsup sup  sup |:/Wfd | f| :| 0.

50 Wels ||f||1_1 S

But,

foro

. L . . 2
On the other hand, in the variational formula we can limit ourselves to f with [ %d x <
8\g. But that set is compact in L1, and therefore for any C < oo,

lim o swp o fs— fl=0.
f:/—“vjﬂzdxsc

='/(V*¢8—V)fdx

< / VIS — fldx < 1fs — flh.
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4.8. Finishing Up

‘We have now shown that

1 L[ IVeIR
- tog ElesplolDl] < = ot [vlsupp 71+ g [ 1 a ]|
na+z f>0, 8d f

17 =1 i

The torus Tf can be of any size £. We will next show that we can let £ — oo and obtain

1 VfI? A
dim, ot tswn 71+ g7 [ BT x| =l var + 35 |
¢

Iflhi=1

Here v, is the volume of the unit ball in R4 and Ag4 is the first eigenvalue of —ﬁ A in the
unit ball of R? with Dirichlet boundary condition. One side of this, namely

1 Vr£l? A
limsup inf |v|supp f|+ —/ v/l dx | < inf{vogrd 4 24
8d r r2
T¢

{—o00 >0, f
I flh=1

is obvious, because, if £ > 2r, the ball can be placed inside the torus without distortion.
For the other side, given a periodic f on T [d supported on a set of certain volume, it has
to be transplanted as a function with compact support on R? without increasing either the
value of fT d de or the volume of the support of f by more than a negligible amount,
more precisely, by an amount that can be made arbitrarily small, if £ is large enough. We
do a bit of surgery by opening up the torus. Cut out the set Ule |x;] < 1. This is done by
multiplying f = g2 by [](1 — ¢(x;)) where ¢(-) is a smooth function with ¢(x) = 1 on
[—1, 1] and O outside [—2, 2]. It is not hard to verify that if fUi{lex’_ <2} g2+ | Vgl?*] dx is
small, then [g ]_[flzl (1 —¢(x;))]* normalized to have integral 1 works. While 4 = |, {x :
|x;| < 2} may not work, we can always find some translate of it that will work because, for

any f,
z—d/[/ f(y)dy}dxzﬂ_dMl/fdx.

Tf A+x

Now, we end up with

. 1[IV . . Y
};g{)’ [VIsuppfl + g/ 7 dx | = Glcnﬂgd[lel +4a(G)] = inf | vogr® + |
I f =1 R4
the last step following from an isoperimetric inequality that allows us to limit G to spheres.

4.9. Remarks

The theory of large deviations from the ergodic averages of Markov processes started
with the work of Donsker and Varadhan for Brownian motion [5], and they generalized it
over the next several years to more general situations [3, 4, [7]. While the upper bound is
easily proved for Feller processes on a compact state space, one needs in addition a strong
positive recurrence condition to guarantee an upper bound. The lower bound being local
needs some sort of Doeblin or Harris condition. The theory was developed with different
applications in mind. The polaron problem needed a slightly different formulation [11].
The problem with the number of distinct sites visited required strengthening the topology
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and was carried out in [9]. There was related work carried out independently by Jurgen
Gertner [14]. In one dimension where local time exists for Brownian motion, one can
prove a large-deviation result for the local time in the uniform topology [8].
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CHAPTER 5

Hydrodynamic Scaling

5.1. From Classical Mechanics to Euler Equations

The basic example of hydrodynamical scaling is naturally hydrodynamics itself. Let
us start with a collection of N ~ p¢> classical particles in a large periodic cube Ay of side
¢ in R3. The motion of the particles is governed by the equations of motion of a classical
Hamiltonian dynamical system with energy given by

1 1
(5.1) H(p.g) =5 lIpil*+5 ) Vi —4))-

i=1 i#j

Here, ¢; € Ay is the position of the i™ particle, p; € R3 is its velocity, and k = 1,2,3
refers to the three components of position or velocity. The repulsive potential V' > 0 is
even and has compact support in R3. The interaction, in particular, is assumed to be short
range. The equations of motion are

dg¥  OH(p.q)

dt o apk = Pi
5.2) Ik BHE )
P; P q
=% 1 Velgi —q;),
where
v (q)
Vi(q) =
dgk

is the gradient of V. The dynamical system has five conserved quantities: the total number
N of particles, the total momenta ZZN=1 plk for k = 1,2, 3, and the total energy H(p, q)
given by (3.1). The hydrodynamic scaling in this context consists of rescaling space and
time by a factor of £. The rescaled space is the unit torus T3 in three dimensions. The
macroscopic quantities to be studied correspond to conserved quantities. The first one of
these is the density, and is measured by a function p(¢, x) of # and x. For each £ < o0, it is
approximated by p;(¢, x), defined by

(L
[J(x)pz(t dx = Z (q ( t))

Td i=1

45
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A straightforward differentiation using (3.2)) yields

L d 1 (e
dl J(x)pg(t x)dx = EE;J( )

N iﬁ
— 55 X0 ( ") pen

i=1

~ /(VJ)(x) - pe(t, x)u(t, x)dx

where u = uk , k = 1,2,3, is the average velocity of the fluid. This introduces three
other macroscopic variables, which represent three coordinates of the momenta that are
conserved.

We can now write down the first of our five equations,

ap _
(5.3) Fm + V- (pu) = 0.

To derive the next three equations, we start with test functions J and differentiate,
again using 3.2) fork = 1,2, 3,

N ( l
d[ 3 Zj(q ( t)) e = sz (zf)(VJ)(q ¢ )) - pi(€t)

i=1 i=1

N N iﬁ
- iz > J(q (/))Vk(qi(ﬁt) —q;(Lt)).

i=1j=1

(5.4)

The next step is rather mysterious and requires considerable explanation. Quantities

N N
Y V@) —q;j) and Y pFpr

ij=1 i=1

are not conserved. They depend on spacings between particles or velocities of individual
particles that change in the microscopic time scale and hence do so rapidly in the macro-
scopic time scale. They can therefore be replaced by their space-time averages. By ap-
pealing to an “ergodic theorem,” they can be replaced by ensemble averages with respect to
their equilibrium distributions. The “ensemble” consists of an infinite collection of points
{ P« qo} in the phase space R3 x R3. There is a natural five-parameter family of measures
Mo,u,r that are invariant under spatial translation, as well as Hamiltonian dynamics. The
points {py} are distributed according to a Gibbs distribution with density p and formal
interaction

1
57 2 Vdu —ap).
a,p
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In other words, {¢,} is a point process obtained by taking an infinite volume limit of N =
€3 p particles distributed in a cube of side £ according to the joint density

1 1 Y
Z eXP[—ﬁ Z V(g —Clj)}

i,j=1

where Z is the normalization constant. The velocities {py} are distributed independently
of each other, as well as of {g,}, having a common three-dimensional Gaussian distribu-
tion with mean u and covariance 7'/. Assuming that the infinite volume limit exists in a
reasonable sense, it will be a point process defined as an infinite volume Gibbs measure
Wp,7- The velocities { p } will be an independent Gaussian ensemble vy, 7.

The first term in (3.4) involves sums of p{‘ p; that are replaced by their expectations in
the Gaussian ensemble u¥u’” + Tk -

If we now use the skew-symmetry of V; = dV/dqy, we can rewrite the second term

of (3.4) as

N N « »
_%ZZ(‘](q(gt))_J(CIJ(Kt)))Vk(qz'(ﬂf)—CIj(Zt))

i=1j=1

1 N N
DN

i=1j=1

i
: (z Z)) (g7 (£6) = ;5 (€0) V(i (1) — g (£1))

I Shen | (@i
=EZZL( ; )w,:(ql-(ﬁr)—q/(ﬂr»

i=1j=1

aJ
~ / ()P (p(t,x), T(t,x))dx

ax,

Td

where P} (p, T') is the “pressure” per unit volume in the Gibbs ensemble

1
r T Wp. _ r —
Pi(p.T) = lim E ”{133 | 2|<:e Vi (a 61/3)}~
qoa|=t,
lapi=t

We now integrate by parts, remove the test function J, and obtain
d
(5.5) E(pu)—i-v'(pu@u—i-pTI+P(P,T)):O.
There is an equation of state that expresses the total energy per unit volume, e, as
1
(5.6) e(p.u.T) = sp(ul* +3T) + f(p.T)

where f(p, T), the potential energy per unit volume, is given by

. 1
flp.T) =Z11)f{.105””’7{ﬁ > V(qa—%)}-
lga|<¥,
lggl<t
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Although we will not derive it, there is a similar equation for e(z, x) that is obtained
by differentiating

d al (€ -
o 2 () i + X viaen -]
i=1

j=1

and proceeding in a similar fashion. It looks like

(5.7) % +V-[(e+Tu+Plp,T)u] =0.

The five equations (3.3), (3.3)), and (3.7)) in five variables (actually in six variables with
one relation (3.6)) is a symmetrizable first-order system of nonlinear hyperbolic conserva-
tion laws. Given smooth initial data they have local solutions.

Rigorous derivation of these equations does not exist. The ergodic theory is definitely
plausible, but hard to establish. The reason is that we have essentially an infinite system of
ordinary differential equations representing a classical deterministic dynamical system, and
the ergodicity properties are nearly impossible to establish in any general context. How-
ever, if we had some noise in the system, i.e., stochastic dynamics instead of deterministic
dynamics, then we would be concerned with the ergodic theory of Markov processes of
some kind, which is far more accessible. This will be the focus of our future lectures.

5.2. Simple Exclusion Processes

The simplest example is a system of noninteracting particles undergoing independent
motions. For instance, we could have on T3, L ~ pN3 particles, all behaving like inde-
pendent Brownian particles. If the initial configuration of the L particles is such that the
empirical distribution

1
vo(dx) = 55 D8,

has a deterministic limit po(x)dx, then the empirical distribution

1
ve(dx) = N3 Z‘Sxi(l)
i

of the configuration at time ¢ has a deterministic limit p(¢ , x)dx as N — oo, and p(¢ , x)
can be obtained from pg(x) by solving the heat equation

o 1
a2
with the initial condition p(0,x) = po(x). The proof is an elementary law-of-large-

numbers argument involving a calculation of two moments. Let f(x) be a continuous
function on T and let us calculate for

1
U=532_ /(i)
1
the expectation and variance of U, given the initial configuration (x, ..., xr).

1
EU) = 55 3 [ £0pt 5 n)d.
T3
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and an elementary calculation reveals that the expectation converges to the following limit:

[ [ FOIp(t . x . Y)pox)dy dx = [ FO)olt . y)dy.
T3 T3 ']1*3

The independence clearly provides a uniform upper bound of order N 3 for the variance
and goes to 0. Of course, on T3, we could have had a process obtained by rescaling a
random walk on a large torus of size N. Then, the hydrodynamic scaling limit would be a
consequence of the central limit theorem for the scaling limit of a single particle and the law
of large numbers resulting from the averaging over a large number of independently moving
particles. The situation could be different if the particles interacted with each other.

The next class of examples are called simple exclusion processes. They make sense
on any finite or countable set X, and for us X will be either the integer lattice Z¢ in d
dimensions or Zj{, obtained from it as a quotient by considering each coordinate modulo
N. Atany given time, a subset of these lattice sites will be occupied by particles with at most
one particle at each site. In other words, some sites are empty while others are occupied with
one particle. The particles move randomly. Each particle waits for an exponential random
time and then tries to jump from the current site x to a new site y. The new site y is picked
randomly according to a finitely supported probability distribution 77(z) on Z¢ — {0}. In
particular, Zy w(y —x) = 1 for every x. Of course, a jump to y is not always possible. If
the site is empty the jump is possible and is carried out. If the site already has a particle, the
jump cannot be carried out and the particle forgets about it and waits for another chance;
i.e., waits for a new exponential waiting time.

If we normalize so that all waiting times have mean 1, the generator of the process can
be written down as

(AL =D A=)y =)L) = f()]
x,y
where 7 represents the configuration with n(x) = 1 if there is a particle at x, and n(x) = 0
otherwise. For each configuration 7 and a pair of sites x, y, the new configuration n*- is
defined by
n(y) ifz=x,
() = yn(x) ifz=y.
n(z) ifz#x,y.
We will assume that the random walk with increments having distribution 7 (-) is irre-

ducible, or equivalently, the sub-semigroup generated by {z : m(z) > 0} is all of Z<.
There are various possibilities:

7 is symmetric, i.e., 7 (z) = 7w (—z),
or, more generally,

7 has mean zero, i.e., E zn(z) =0,
z

and finally
Zz w(z) =m #0.
z

We shall first concentrate on the symmetric case. Let us look at the function

Vi) =Y J(x)n(x)
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and compute

AV () = D 1)1 = ()7 (y = x) (I (y) = T (x))

X,y

= % D ) =) = 1A =GNy = ) () = J(x)

X,y

1
=3 Y 0) =)y = )T () = T (x))
X,y

=3 nn(y = 1)) - J())

X,y

= > n@P—1)J](x)

X,y

= Vie—nys(n)

where P is the matrix {mw(y — x)}. The space of linear functionals is left invariant by the
generator. It is not difficult to see that

EnVi()] = Vi@ (m)
where
J(t) =exp[t(P—1)]J
is the solution of
%J(t ,x)=P-1)J(,x).

It is almost as if the interaction has no effect and, in fact, in the calculation of expec-
tations of “one particle” functions, it clearly does not. Let us start with a configuration on
Zj{, and scale space by N and time by N2. The generator becomes N2 A, and the particles

can be visualized as moving in a lattice imbedded in the unit torus T¢, with spacing %,
and becoming dense as N — oo.
Let J be a smooth function on T¢. We consider the functional

1 X
0 = 57 27 () m.
and we can write )
£ — £(0) = /0 Vi (n(s))ds + My (1)

where

V() = (N2AVy) () = Viy (0)
with

IO = N> [J (9 + %) - J(@)]n(z)
~ 2(Ac)O)

for 8 € T<. Here, Ac refers to the Laplacian

32
Cijr——
Z / 8x,~8xj

i,J
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with the covariance matrix C given by
Ci,j = Z Zl‘ZjT[(Z).
z

My (t) is a martingale and a very elementary calculation yields
E{My@)} <CtN~%,

essentially completing the proof in this case. Technically, the empirical distribution vy (¢)
is viewed as a measure on T4, and vy (-) is viewed as a stochastic process with values in
the space M(T¢) of nonnegative measures on T<. In the limit, it lives on the set of weak

solutions of the heat equation
o 1 A
a2 Cp,
and the uniqueness of such weak solutions for given initial density establishes the validity
of the hydrodynamic limit.
Let us make the problem slightly more complicated by adding a small bias. Let ¢(z)
be an odd function with ¢(—z) = —¢q(z), and we will modify the problem by making 7w

depend on N in the form
1
nn(z) = n(z) + WQ(Z)-

Assuming that g is nonzero only when 7 is so, 7y will be an admissible transition proba-
bility for large enough N. A calculation yields that in the slightly modified model, referred
to as the weakly asymmetric simple exclusion model, Vy is given by

1
Vv = Vi () + 57 D @)1 =n())g(y —x)(VI(x),y —x).

If one thinks of p(? , 8) as the density of particles at the (macroscopic) time ¢ and space
0, the first term clearly wants to have the limit

[ S(AcI)E)ple . 6)d8.
T4

It is not so clear what to do with the second term. The “invariant” measures in this model are
the Bernoulli measures with various densities p, and the “averaged” version of the second
term should be

/ (m. (VI)O))p(t . 6)(1 = p(t . 6))d6
T4
with

m= qu(z).

The linear heat equation gets replaced by the nonlinear equation
ap 1
— ==-Acp—V- 1—p).
5, = 3Acp mp(1 — p)
This requires justification that will be the content of our next section.
Let us now turn to the case where 7 has mean zero but is not symmetric. In this case,
- y x
Vv = N> Y @ = aory -0 (5) -7 (5)]
x,y
and we get stuck at this point. If 7 is symmetric, as we saw, we gain a factor of N 2.
Otherwise, the gain is only a factor of N1, which is not enough.
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We seem to end up with
N Xx: Zy: n(x)<%[(w)(%) +OND(2)] M=o = 0w - x)> _

i D) (v
where

¥ = [n(0) Y1 = n(x + 2)z7(E) + (1 =0@) Y n(x =)z ()]
= [-10) Yo n + 2272 + A =0 Y0 =)z 7(2)]

= [Z n(x —2)zm(2) = n(x) Y _(n(x + 2) + nlx — )z n(z)]

=1,¥

with 7, being the shift by x. The second sum is 0 in the symmetric case, and ¥, can then
be written as a “gradient”

Vo =) 1,6 — &
J

where 7, ; are shifts in the coordinate directions. This allows us to do summation by parts
and gain a factor of N~!. When this is not the case, we have a “nongradient” model and

the hydrodynamic limit can no longer be established by simple averaging.
Finally, when m = ) __ zm(z) # 0, time has to be scaled by the same factor as space,
namely by N. If we take d = 1, we have

Nd% Xx: J(%)m(x) ~ % XXZ: J’(%)nt(x)(l — e (x + 2))z7(2).

The equation in the limit is hyperbolic and is the Burgers equation

pr +m(p(l —p))x = 0.

This has been well studied. But, we will stay close to the symmetric case.

5.3. Symmetric Simple Exclusion

We will assume that we are dealing with a periodic lattice Z;lv of N4 sites. We have a
symmetric probability distribution 77(z) on Z¢ that is symmetric and compactly supported.

We will also assume that its support generates entire Z¢. The covariance matrix C is
defined by

(CL.t) =) (z.0)°7(2)

z

and is positive definite. The simple exclusion process is defined by the generator

(LAY =Y 7y =)@ =)L) = f)].

X,y

Here, the state space consists of €2 consisting of 7 : Z?’V — {0, 1}. The convention is that
n(x) = lifthereis particle at x, and 0 otherwise. 1 represents the configuration of particles
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with at most one particle in any site. n*” represents the state obtained by exchanging the
situation in sites x and y:

n(y) ifz=x,
Y (z) = (n(x) ifz =y,
n(z) otherwise.

The initial configuration is a state {7(0, x)}, and we assume that for some density po(u) on
the torus T4, 0 < po(u) <1, we have

Jim 2 37 (5 )n = [ Jpd
Td

d
XE€ZLy

for every continuous function J : T4 — R. po(-) should be thought of as the macroscopic
density profile. We speed time up by a factor of N2, and let Py be the probability measure
on the space D[[0, T]; 2y]. We can map the configuration 1 to the measure Ay (du) =
(1/N9) Y, 8¢/n on T¥. This induces a measure Qn on the space D[[0, T]; M(T?)].
We will prove the following theorem, which is quite elementary.

THEOREM 5.1. As N — oo, the distributions Q y converge weakly to the degenerate
distribution concentrated on the trajectory p(t, u), that is, the unique solution p(t, u) of the
heat equation

ap 1 d

E = 5 Z C[,jD,'Dj,O
ij=1

with the initial condition p(0,u) = po(u).

PROOF. Consider the function

Frn =57 Y 75,

x€ZY
We can compute
2Ly Fp) = N3 [0 (5) =7 (5) |0 —noma =)

X,y

-7 22_d > [n@a=n0) =@ —non][J (5) =7 (5) |70 -»
X,y

M Xtots) =1l () = ()]0 =

- sz_d 20 =+ NI (55) -7 (%)

- () 2 )+ (oo

w%;nm;cf,juwm(%)

[

1
=_Fj
P (m)
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where

J'(u) = (Z Ci,jDiDjJ)(u).
ij

We now establish two things: the sequence Q y is compact as probability distributions
on DJ[0, T]; 2], and any limit Q is concentrated on the set of weak solutions of the heat
equation with the correct initial condition. Since there is only one solution, we have weak
convergence to the degenerate distribution concentrated at that solution, as claimed.

We will show compactness in D[[0, T']; M(T¢)]. The topology on M(T%) is weak
convergence. The space is compact. If we use a continuous test function J, the jump sizes
are at most sup|_,,<c,/n |/ (x) — J(y)|, where C is the size of the support of 7 (). Itis
therefore sufficient to get a uniform estimate on

sup | Fy (1) = Fs (0)] = €|

0<t<é6

On.s (8, €) = sup PN[
N

and show that for any smooth J and € > 0,

lim sup Oy,7(8,€) — 0.
§—0 N

From our computation of (N2Ly F)(n), it follows that if J has two bounded derivatives,
then

sup sup N2|(Ly Fr)(m| = C(J).
n

From the generator N2 Ly, we conclude that

t
Fy(n(@) — Fr(n(0)) — N2/0 (LN Fr)(n(s))ds = My n (1)

is a martingale, N2|(Ly Fy)(n)| < C(J), and the quadratic variation of the martingale
M n(t) is easily estimated. The jumps are of size C(J)/N¢*!. The total jump rate is
N9%2_ The quadratic variation is then bounded by

C(J)N242N4+2 — c(J)N 4.

This is sufficient to prove the compactness of Q y, and that any limit point Q will have the
property that for any J,

/ J)A(t, u)du — / J(u)po(u)du — % /Ot/ Z(D,-DjJ)(u)A(s,u)du ds=0
Td I

T4 Td

fora.e. Q. (]

REMARK 5.2. The symmetry of (- ) played a crucial part. n(x)(1—n(y))—n(y)(1—
n(x)) = n(x) — n(y) cancelled the nonlinearity. If we assumed only that ) ", zz(z) = 0,
we would not have arrived at the second difference, N*(Ly F;)(n) would be of size N, and
the rapid fluctuation in the speeded up time scale would have to be used to get that term to
be order 1.
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5.4. Weak Asymmetry

Now that we have established the law of large numbers, if we want to investigate the
large deviation properties, first we need to consider a class of perturbations of the symmetric
jump rates 77(-) by a small antisymmetric term. This “tilting” depends on the choice of a
function ¢(z) that is odd; i.e., ¢(z) = —¢(z) and g(z) = O unless 7 (z) > 0. Then, we
perturb 7(z) by 7(z) + (1/N)g(z). That introduces a weak asymmetry. The choice of
q(-) = q(s,u, -) can depend smoothly on u and s. The generator is modified accordingly,

(V2L sEr)m = N2 Y[ (5) =7 () [ = non [t =0 + wa (s, v =)
X,y

~ % Z’I(x)zci,j(DiDjJ)(%)
x i,]
+ (;zq<s, %,z)r)(x)(l —n(x + 2)), (VJ)(%».
The first term can be replaced, as before, by
3 [ i, Dt wd.

Ta i

It is not clear what to do with the second term. In the limit, we would like this term to be

/p(s,u)(l = p(s,w))(m(s, u), (VJ)(u))du
Td
with

m(s,u) = qu(s, u,z),

because we expect locally the statistics to reflect the Bernoulli distribution with the correct
density.

THEOREM 5.3. The sequence of measures Q 4 converges as N — oo to the distri-
bution concentrated on the single trajectory, that is, the unique weak solution of

dp(z, u)

(5.8) o

1
=52 CiiDiDjp(t.u) = V- (p(t, ) (1 = p(t, u))m(t, u))
i,J
with p(0,u) = po(u).

But this requires justification. The route is complicated. There are various approxi-
mations needed. There are several measures, Py, O, and the perturbed ones, Py 4 and
O n,q. Computations with Py are easier because it is a reversible Markov process. Direct
computations with Py , are harder. Even while examining Py, it is easier if we start with
the uniform distribution of pN¢ particles among the N¢ sites, which is a reversible invari-
ant measure for the Markov process. One can then use the Feynman-Kac formula and some
variational methods to obtain estimates. We can then transfer the estimates from P;q to
Py and Py, using an entropy inequality.

We will deal with averages of all kinds. Let us set up some notation. The configuration
space consists of Qy = {n : Z?\, — {0,1}}or Q = {n: Z% — {0,1}}. ny is the
configuration at time s and 71, (x) is 1 if there is a particle at site x at time s and 0 otherwise.
If n € Q or Qu, we denote by 7,7 the translate defined by (zx1)(y) = n(x + y), and if
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f = f(n) is a local function on the configuration space, we denote by t f the function
(7« f)(n) = f(zxn). Their averages will be denoted by

f@,x = f@,x(n) 0+ l)d Z f(fyfl)
yily—x|<t
A special case is when f(17) = 1(0), in which case we denote

_ 1
W’XZW Z n(y).
yily—xl<t

n(x) can be n;s(x) representing the configuration at some time s, and in that case we will
denote the averages by f; ¢ x Or 75¢,x. The object we need to estimate is

T
/ en(e,s)ds
0

where

en(e.s) = EPM[ Nld > (5) @0 = £ Gives.o)]

and R
fp)=E"[f(n)],

the expectation of the local function f with respect to Bernoulli with density p.
Let py (s, dn) be the marginal distribution on Q2 of the configuration 7, at time s,
and [iy its space and time average. More precisely,

_ 11 (7 P
[ rwainen = 757 [ EN s

We need the following theorem to prove Theorem [5.3]
THEOREM 5.4. r
lim lim sup/ en(e,s)ds = 0.
€e—>0 N—oo JO

This is proved in two steps:

LEMMA 5.5. } _ N
lim limsup E*N[| fu(n) — f ()] =

k—o00 N—o0

LEMMA 5.6.

lim sup lim sup E#¥ [|fjye — ik |] = 0
€—>0, N-—oo
k—o00

We will prove Theorem[5.4] assuming Lemmal[3.3]and Lemmal[3.6l The proof proceeds
along the following lines:

e We can always replace, for fixed k and large N, the sum

NdZ ( ) (zxm)
by

1 1 y
Nd Xx:f(fx”) 2k + 1)4 2 J(N)

y:ly—x|<k
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Nd Z ( )ka

So long as k < N, this is not a problem.
e Lemmal[3.3]allows us to replace

/NdZJ( ) s (o)

0
by
tq .
/0 N ;J(ﬁ)f(ns,k,x)ds
with a fixed, large k.

e Lemmal[5.6allows us to replace g with large k by 7jne, x with a small €.
e Now we have the expression

/0 Nd ZJ( )f(nsNex)dS

e This term is continuous in the weak topology and can be replaced, as N — oo,
by

t A
/ f J () f (b (5. w))ds du
0

where
pesn =0t [ ps.vid.
B(u,e)
e Finally, we let ¢ — 0 to arrive at

/Ot/ J) f (p(s,u))ds du.
Td

We now concentrate on the proof of the two lemmas. They depend on the following
observations:

e The function f(a,b) = (v/a — ~/b)? is a convex function of (a,b) € Ri. Itis
checked by computing the Hessian

b 1
1| &7 Ja/b
2\ 1 _a_

ﬁﬁ b3/2

of f, which is seen to be positive semidefinite.
e In general, if L is the generator of a Markov process on a finite state space X
given by
(L) =D [f) = fD)]a(x.y).
y
and p is a reversible invariant measure for L, the detailed balance condition

p(x)a(x, y) = a(y, x)u(y)
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is satisfied. Then, the Dirichlet form is given by
1
D(f) =5 ) _1f() = f)Palx, y)u(x)
x,y

= 2 S + £ =2/ flate, )
X,y
1

-1 [Z F@RE) Y ate NFG) — f@)]
X ¥y

+Y SO D ay. 0)lf(x) - f(y)]]
y X

— | s S a0 - il
x y

=—(Lf. [l
o If uny = {un(n)} is a probability distribution on 2 v, its Dirichlet form defined
by
1 2
Dun) =5 Y (V@) = Vun @) 7y =00 = n(y))
x,yGZ’jf,

is equivalent to

D(un) =i S (Vin ) = Vv )’

x,yezs,
[x—yl=1

if 77(-) is irreducible. An estimate of the form D(uy) < CN?~2 has many
consequences.

e If 1n(s) are such that fOT D(un(s))ds < CN972, then the average jiy over
space and time satisfies

_ C . 4
D(pn) = ?N 42,
Since there is spacial homogeneity, the quantity

P = Y (Vanm) - Vanm)®

yily—x|=1

is independent of x and satisfies
C
D(x) < =N 2.
T

o If we restrict the distribution to a block By of size k, the marginal distribution
has the Dirichlet form from bonds internal to By, that is, at most (2k)¢ %N -2,
As N — oo, the Dirichlet form goes to 0. Any limiting distribution is then
permutation invariant. So, it is uniform over all possible choices of locations for
the given number of particles in the block. This shows that any limit as k — oo
of any limit as N — oo is Bernoulli, provided the density is specified. This is
precisely Lemma[3.3]
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e We want to estimate (y/un (7%7) — /un(n))? when |x — y| = £ instead of
|x — y| = 1. Any interchange of x, y at a distance £ can be achieved by 2/
successive interchanges of nearest neighbors, and the simple inequality

14

(ar+--+ap® <ty aj
j=1

allows us to estimate

C
(VN (rnF2) = Vun ) < 2P N>

In particular, if |z| < Ne, then

C

C
(Vw75 %) = V() < 2PN

o In the limit, we have two blocks of size g with a single bond between them con-
necting two sites, one from each block. The Dirichlet form of any limiting dis-
tribution is 0. The Dirichlet form has three terms, one for each block and one
connecting the two. It is easy to check that the invariant distribution in each
block, as before, is the uniform distribution, and that the two blocks have a bond
connecting them makes it uniform over both blocks.

e This shows that if two microscopically large blocks are macroscopically close,
then their empirical densities are close, with probability nearly 1. This implies
Lemma[5.6l

All we need to do now is control the Dirichlet form. We defined the Dirichlet form as

S a2 =) (v @) = Vi)’

x,y€Z§1\,

If the group generated by the set {z : 7(z) > 0} is all of Z¢, then the two Dirichlet forms
are comparable. Our generator is of the form

1
Lng =L+ 5 ANg:
the sum of the symmetric part and the weak perturbation. The entropy is defined by

()
H(p) = ) () log
Zn: o (1)
Nd . . . . . d . d
where a(n) = ¢ = (kN_l) is the uniform distribution of ky = pN“ particles on Z4;. It

is invariant for the evolution under Ly .
Let us note that 11y, evolves according to the forward equation. Equivalently,

d
oD Fnduly =3 " LngFdyly.
n n

Let us compute the rate of change of the entropy in the perturbed system with weak
asymmetry. In the unperturbed case, the relative entropy with respect to equilibrium,
i.e., uniform distribution, decreases monotonically, and the rate of decrease dominates the
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Dirichlet form. We will show that weak asymmetry does not change the situation consid-
erably:

MH(ply) d uy @
— —E;‘Og—c 1y (1)

d
= N? Z(ﬂN,q log phy (m) sl () + (log C)E Z 1y ()
n n

= N2 (L loguly M)y () + N Y (An,g log iy (m)ply (n)
n n

_ 2 /Lf}\/'(nx’y)
=(N2=CN) Y | > x(y —x)n@x)(1 = n(y))log

NN t
el e iy () ]MN(U)

t X,y
Hy(m )]Mﬁv(ﬂ)

X
+N ; [;[Cﬂ(y —0)+q(1. 5y = x) n@ 1 = () log TRTE

N2—CN (™Y
=———F 2 -0} [log %][uwm — iy ()]
X,y n

why (1)

+N Y [Cr(y—n+q(r. 5y —x)] ;n(x)a - n(y))[logm

X,y

]uﬁv(n)-

We can change n — 1™ in the summation. It just maps 2 onto itself. The first term is
odd when we interchange x <> y and the sum can be rewritten as

2_¢
- ¥ Yoy =) ) [V (™), wy ()]
n

X,y

+ N Y ()= nO)|Cr(y =) +q (1. 5 = x) | Do[@ iy ). wiy ()]
n

X,y

where Y (a,b) = [loga — logb]la — b] and ¢(a,b) = alog %. It is easy to check that
V(a,b) > (Va—~/b)? and for b > a, ¢p(a,b) < 2(vb — Ja)J/a or p(a,b) < |v/b —

Ja|/a. Since q(t,u,z) + Cn(z) > 0 for our choice of C, it follows that the second term
is dominated by

4CN Z w(y —x)

X,¥,1

i 5 = \July () ‘ Yy =

29%
4CN[Zn(y—x)Z(\/M§V(nX=Y)— \/Mﬁv(n)) } ~
n

X,y

This provides an estimate

OH (i} NZ—-CN
gtN) = D(uly) + 4CN /D(uly).

Integrating ¢ from O to 7', we obtain for large N with In(T) = fOT D(uly)dt

2
~CN? <H(uk) - H(1l) < —NTIN(T) + 4C(T)N /1y(T).



5.4. WEAK ASYMMETRY 61

We have used the bound on the initial entropy H(uy) < CN¢ coupled with the obvious
lower bound H(u%) > 0. It follows now that
In(1) < C(T)N42.

This completes the proof of Theorem[3.4] and therefore Theorem[3.3] But we need to
prove uniqueness.

Since ¢(s, x, z) is a nice function, m(s, u) will be bounded. The difference r between
two solutions p; and p, satisfies, in the weak sense,

1 1
=3 Zci,jDiDj r=V-[p1(1=p1) = p2(1 = p2)Jm = EAC r=V.r(l—py—pz)m.
i,J
The key to establishing uniqueness is the estimate
— / 7 |* du —Z/rr,du = /[rAcr—V-rH]du
Td

:—/(Vr,CVr)du+/rH~Vrdu

Td T4
5—c/|Vr|2du~|—/rH-Vrdu
T4 T4

A

< C(H>/ Ir[2 du

where H =2(1—p;—pz)mand C(H)=c"! sup;,, Im(s, u)| < ¢! sup ,, >, 1zlq(z, s, u)].
In the nonlinear case, we need some a priori regularity estimates. The following lemma will
suffice.

LEMMA 5.7. Let |m(t,u)| < M and p(t, u) be a weak solution of

1 )
pr = EACP = V'p(1 — p)m(t, u).

Then there are smooth solutions p¢ of

1 .
pi = 58P =Vl = pymet,u)

with |me(t,u)| < M, and there is a uniform bound on
\vJ €12
/ / A ' [ dudr.
pe(l—

In particular, fOTde p‘(vl’ilz) du dt < oo.

PrROOF. We take p. to be the convolution of p with an approximate identity ¢,

1
Pi = 58cp" = Vimp(l = p)) * pul.
The entropy h(p) = [palplogp + (1 — p)log(l — p)]ldu < O satisfies
h(pn(T, -)) = h(pn (0, -)) = h(pa(T. -)) = —c.
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We have, therefore, an upper bound on

L[ (2 Y
[l

L S ] 1

)[ Acp -V [(mp(l—p))*qse]]dtdu

It is enough to get a control on
{(mp(1 = p)) * ¢e, C~' (mp(1 = p)) * ¢e)
pe(1 = p%)
By the concavity of the function p(1 — p), we have

P (1 —p%) = (p(1 — p))-.

It is now easy to estimate

((mp(1 — p)) * e, C™H(mp(1 — p)) * ¢e)
(p(1 = p))¢

in terms of a bound on m. O

5.5. Large Deviations

Theorem[3.3]actually provides a large deviation lower bound. If on some state space X',
P; and P, are two jump Markov processes in the interval [0, 7], with jump rates A (¢, x, y)
and A, (¢, x,y),and A, (¢, x,y) < CAi(t,x,y), then P, < P; and the relative entropy is
given by

T A
H(Ps: Py) = Ef[ /0 [xza,x(s),w 1g(%) —Az(t,xcs),y>+xl(z,x(s>,y)ds]].

In our context, P, is the process with generator Ly ,, while P; has generator L. The
relative entropy can be explicitly calculated.

+N!
[r + Nq] log(ﬂ—q) —Nlg=m+N1lg)logl + N 'n7lg) - N71g
i
~ %N 25712,
We have speeded up the time scale by a factor of N2. So, the relative entropy is given by

S, NV~
H(N,q) = —E”Nq[ [ Z N )mx)(l - ns(y))dS}
We can see that N ¢ H (N, ¢) has a limit as N — oo and is given by

/ /Zq O I2) (s u)(1 = p(s.u))ds du

where p(s, u) is the solution of (3.3). If we want to make a perturbation that produces a
profile p(s, u) in the limit, we need to find m that satisfies (3.3) for a given p. Since we
want the best possible lower bound, and the lower bound is provided by entropy of the tilt
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required to produce the desired limit, we need to minimize the entropy term Y _, ¢%(z) /7 (2)
over g such that ), zg(z) = m. This can be easily carried out and yields

q(z) = n(z)chzj
J
with
ZZn(z)cjz,-zj =m
z

or
c=C"'m

where C is the covariance matrix of . Finally,

2
Z qn((Zz)) - Z”(Z)[Zcm]z =(c,Cc)= (m, C 'm),

and the large deviation lower bound is given by

1 T
J(m) = E/o /(m(s,u),C_lm(s,u)),o(s,u)(l — p(s,u))ds du.
Td

Finally, we need to minimize the above over all m that lead to the given p, i.e., m such that

d
1
(5.9) pi=5 2 CiyDiDjp =Y m(t,u)p(t,u)(1 = p(t, u).
ij=1
If we denote the set of solutions m by M (p(-)), then the large deviation lower bound is
given by

I(p(+)) = m(.)eian(p(.)) J(m(-)).

One can also rewrite this variational problem in terms of the dual problem

I(p(-)) = sup [/1//(1 u)[pz—— Z Ci,j Di D/p]dtdu

¥ (t.u) i,j=1
- 1/(w CVY)p(t, u)(1 — p(t, u)dt du}
b ) P, p, )

which is suitable for proving the large deviation upper bound.

The upper bound depends on two steps: a local estimate and an exponential tightness
estimate. Since the topology is weak convergence as measures on D[[0, T], M(T?)], to
prove exponential tightness it is enough to prove for any € > 0 an estimate of the form

x
hmsuphmsupsup Na — log P,,|: sup Nd Z ( )[ns(x) —no(x)] > ei| = —o0.

§—0 N-—o0

The proof uses the exponential martingales My (¢) (relative to Py ) given by

M) = exp| 37 () ) = o)

- VY 2 0m )1 1) [l 1]ds]
0

X,y
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For smooth J, if we use the symmetry of 7, the integrand in the second term in the exponent
can be estimated uniformly on 7y by CN?, where C = C(J) may depend on J . Therefore,

exp [ Y27 (5 ) Ins@) = mox)] = €N

is a nonnegative supermartingale, and it follows that for any constant k > 0, replacing J
by kJ,

—7 log Py [ sup ZJ( ) [ns(x) —no(x)] > Nde] < —ke+ C(kJ)é.

0<s<

We canlet N — 00, § — 0, to get

lim sup lim sup sup 7 — log P,,[ sup 7 Z ( a )[ns(x) —no(x)] = ei| = —ke.

§~>0 N—oco 7 <s<8

Since k > 0 is arbitrary, we can let k — oo.
To prove the upper bound with the rate function /(p(-)), we observe that we have
martingales My (¢) with time-dependent J of the form

MJ(z)—exp[[ZJ( ) =327 (0.5 )] - /Otfs(s%)mx)ds

- /0 N2y (= )05 () (1 = ()[R GRT ]ds}

x,y
with
E™ M (T)] =1,
and look carefully at

1

W[ NZZn(y—x)[ [, 7)=T 6301 ]ns(x)(l—ns(y))ds

X,y

which can be uniformly approximated by

v [} WS-l ) -0 )]

5.30)] Jrs0r = ngopas
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o
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/N
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= e [ 3T Yl ) e

i,j=1

#357 } ZUED( 7)€ (s )hmeort =noas.

If(1/N)Y 8.3 ns(x) is in a neighborhood of p(-, -) on D[[0, T']; M(T?)], the first term

is close to
1 T d 52
E/o i,Z=1 Ci’j(auiauj J)(sv“)P(S,M)ds du,

and we would like to be able to replace the second term by

T
%/(; /((VJ)(t,M), C (VJ)(S,M))p(s’u)(l —P(S,u))ds du.
Td

To do that, in this context, we need stronger versions of Lemmal[3.3]and Lemma 5.6

LEMMA 5.8. Forany € > 0,

o T 1 - .
lim limsuplog PN|:|:/ > ! fies (1) = f(r]k,x,s)|ds:| > 6} = —00
0 X

k—o00 N—o0
The counterpart is the following:

LEMMA 5.9. Forany 0 > 0,

, , 1 T _ _
lim sup lim sup N log PNH:/O N Zx: |INe x.s — 77k,x,s|d5i| > 9} = —00.

€—>0, N-—>o0
k—o00

Actually, in the way we proved our Lemma[3.5]land Lemmal5.6] the stronger version is
already there. To obtain superexponential estimates on

T
Py [ [ Vie(ns)ds > e},
0

it is enough if we show that for any A > 0,

1 T
lim sup lim sup N7 log EFN |:exp|:)LNd / VN’G(nS)dSH =0.
0

€e~>0 N—oo
Since Py is a reversible stationary Markov process by the Feynman-Kac formula, one can
establish the inequality

T
(5.10) 1ogEPN[exp[ANd/ VN,E(nS)dst
0

sup [A / V.e(n).f(n)du(n) —NZD(/?)}.
>0,

[ fdu=1
We showed that, if D(\/? ) < CN ™2, then we could control the errors, and for the two
functions of interest in Lemma[3.3]and Lemma[5.6]

limsuplimsup  sup / Vn,e(m) f(mdp(n) = 0.
€0 N—oo f20,[fdp=1,

D(VF)<ecN?
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Since Vi, is uniformly bounded, we can restrict f in the variational formula (3.I0) to
those that satisfy D(\/?) < ¢N~2 for some c.

We have essentially established the large deviation property for the distribution Q5
of the random measure-valued function

1
— > 8 n(x)
N4 ~ N

starting from a nonrandom initial configuration 7, under the assumption that

1
N ZS% — po(u)du.
X

Earlier, we proved convergence in probability to p(z, u)du; that is, the solution of the heat
equation
ap 1
F_ZA
o 2-¢r
with p(0,u) = po(u). We have, through martingales, controlled the exponential moments
of functionals that approximate with a multiple of N¢:

Wy (ol ) = / J(Tow)p(Tow)du — / J0.u)p(0. u)du

Td Td

T T
—/0 /Js(s,u),o(s,u)ds— %/0 /(ACJ)(s,u)p(s,u)ds du
Td T4

T
_ %/(; /((VJ)(S,u), C(VI)(s,u))p(s,u)(1 — p(s,u))ds du.
Td

We then have a large deviation principle with rate function
I(p(-)) = Sl}p‘lf(p(-, ).

Integrating by parts, we get

T 1
1(o(-)) =s1}p[ fo [ J(s,u)[ps(s,mds—EAcp<s,u>]dsdu
Td

1 T
(5.11) — 5/0 /((VJ)(s,u),C(VJ)(s,u))p(s,u)(l —p(s,u))ds du},
Td

which was the lower bound we derived.

THEOREM 5.10. Let {no(x)} be deterministic initial conditions such that
1
~a 2 5% 1) = po(x)dx.
p
Let the process evolve up to time T. Then, denoting by Q .y the distribution of

1
y(s,dx) = +7 D 8 5ns(x),

a large deviation property holds for Qn,, on C[[0, T]; M(T9)), with rate function given
by G.I1)) on p(s, x)dx, satisfying p(0, -) = po(-).
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The lower bound needs some tweaking. To establish it, we needed a uniqueness for
the weak solution

1
pr = EAC p—=V-(p(l—=p)m).

We established it under the condition that m was bounded. Standard calculus of vari-
ations provides a formula for m, the minimizer of

T
J(m) = %/{; /(m(s,u),C_lm(s,u))p(s,u)(l —p(s,u))ds du
Td

subject to (3.9), which is

_ 1
= CVIV-p(1= )V | 5= 38c p]
If p is smooth and bounded away from 0 and 1, m is nice. Otherwise, p has to be approx-
imated by p€ that converges to p in such a way that, at the same time, the rate functions

I(pn) — I(p). The difficulty is that we cannot change the initial value p(0, u). This needs
an approximation lemma.

LEMMA 5.11. Let Py be the simple exclusion process in equilibrium at density % on
Z?{,. Then,

EPN[exp[ZJ(T%)nT(x)—Z (0.5 )mox) - / th S )mdr
_N2/ Zexp x“) J(t,%)]—l]nt(x)(l—n,(x~|—z))n(z)dt]]=1

If O issuchthat H(Qy: Px)<cN, andif Q isalimit point of Q x on C[[0, T]; M(T )],

T 2
5 1 1
EQ[/ - dti| <c
o 2 ~1,Cp(1-p)

Pt — EACP
PROOF. By Jensen’s inequality,
0 1 X X T X
EON [_d ZJ(T, 5o - ZJ(o, =)o) —/0 ;Jt(tv = )mod

—N2/ ZGXP x“)—J(r.i)]—l]m(xm—m(x+z))n(z>dz]sc.m

N

Letting N — oo and using the superexponential approximations,

EQ[ f J(T, u)p(T, w)du — / J(0,1)p(0, u)du

T4 T4

T 1 T
—/(; Je(t,u)p(t,u)du — 5[0 /(ACJ)(t,x),o(t,u)dt du
Td

IV v di d
2 - <
2/0T[(( D), u), C(VI)(t,u))pt,u)(1 — p(t,u))dt u:| <¢
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Since the sum of two exponentials does not grow any faster than the faster of the two expo-
nentials and the maximum is bounded by the sum, it follows that

Equp[/ J(T,u)p(T,u)du—/J(O,u),o(O,u)du
d Td T4

T T
_](; Jt(t,u)p(t,u)du—%/;T[(ACJ)(t,x)p(t,u)dtdu

This implies that
2

1 T
_ 5/0 /((VJ)(I,M),C(VJ)(t,u))p(t,u)(l — p(t,u))dt dui| <c.
T4
dt <c.

1 T
2/0 —1L,0(1—p) B
T 2
\Y
/ / M dt du < oo,
0 p(1—=p)
Td

1
Pt — EACP = Vmp(1 — p)

1
Pt — EACP

In particular,

and, in the weak sense,

for some m such that

T
(5.12) I(p) = / /(m,C_lm)p(l —p)dtdu < 0.
0
Td

We still have the task of having to perturb the density p(¢,u) without changing the
initial value and not increasing the integral so that we have a bounded m. We proceed as
follows. Let p be given. We pick § small enough so that ps(¢,u) = p(t — 25, u) is close
to p(t,u). We pick a function f(¢) which is 0 on [0, 8] for some § > §, 1 on [8”, T'] for
some §” < 26, and varies smoothly in between. We define the approximation that depends
on § and another small parameter €. Let p(¢, u) be the given profile. We want to prove the
lower bound for p(¢, 1), the solution of the heat equation with the same initial data. Then,
we define ps ¢ (¢, u) by

p(t,u) ifo<tr<§¢,

tou) =
Pae(t: 1) P28 —t,u) * pepy ift>6.

The construction involves first running the heat equation for time §, then reversing the
path for § to 2§, and continuing with ps for # > 2§. Convolute by the heat kernel with
€f(t). The change in f(¢) occurs where p is smooth. The reversed solution of the heat
equation does not contribute much for small 8. ps(f) * ¢¢r(r) works nicely, as € — 0. Itis
not difficult to check that

lim lim /(ps.¢) = I(p).
§—>0€—0

It is clear from the variational formula for 7(p) that it is convex and translation invariant.
Therefore,

15 (pe.s) < IX(p).
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Moreover, Ig (pe.s) = 1(p) = 0. By considering the relation
d _ 1 Vp,CVp
< / h(p(t, u))du = ~ / ~b.CVD) 4,
dt
T4

2J  p(l—p)
Td

where h(p) = —[plogp + (1 — p)log(1 — p)], we can control 1828 (Pe.5)-
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CHAPTER 6

Self-Diffusion

6.1. Motion of a Tagged Particle

Let us look at the simple exclusion process in equilibrium on Z¢ at density p. The
distribution is the Bernoulli distribution p, defined by p,[n(x) = 1] = p, with {n(x) :
x € Z%)} being independent. Let us suppose that at time 0 there is a particle at 0 which
is tagged and observed. It is convenient to move the origin with that particle. The simple
exclusion process now acts only on Z¢ — {0} and is the environment as seen by the particle.
The environment changes in two different ways. When one of the other particles currently
at x moves to y, the generator for this part is

6.1 Ar=3 X =00 - )

x,y#0

Or, the tagged particle moves from 0 to z, and then the origin is shifted to z. This is a
transformation 7} that acts when 7(z) = 0, and the new configuration on Z¢ — {0} is given
by

(Te)(x) = n(x +2) if x # 2,0, (Ten)(~2) =0,

contributing to the generator the term

(6.2) Ay =Y 7 (@) (1 =) f(Tem) = f()]-

z

The full generator is, therefore,

AN =5 X 7 =)~ f)

x,y#0
63) + Y 2@ = @) (Ten) — f()]
= (ALY + (A2/) ().

It is not difficult to check that the probability distribution yt, on 74 —{0} is a reversible
invariant distribution for A, given by (©.3). The jumps x — y and y — x, as well as T
and 7_,, provide pairs with detail balance. The rates are the same in either direction, and
Mo 1s invariant under the transitions.

Our main tool is a central limit theorem for additive functions of a reversible Markov
process. Given a real-valued function f on a space X, a Markov process on that space with
generator A, and a reversible ergodic invariant measure p for A satisfying E#[ f(x)] = 0,
under suitable conditions, we will show that

/0 Fx(s))ds = M(0) + a(t)

71
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where M () is a square-integrable martingale with stationary increments, and a(¢) is neg-
ligible. If A is the self-adjoint generator of the process, —A has a spectral resolution
-A = fooo oE(do). We have the Dirichlet form D(f) = (—Af, f)1,(u) associated
with A. The space H; is the abstract Hilbert space obtained by completing the space of
square-integral functions with respect to the Dirichlet inner product. One might start with
functions u in the domain of A, ensuring the finiteness of D( f). The completion will be
an abstract space H;. There will be a dual H_; to #; relative to the inner product of
Ho = Lo(). Formally, ||u||—; = ((—A)"'u,u), and

lull2y = SI;P2(M, f)=D(f).

We have the following theorem.

THEOREM 6.1. If f is in L, with spectral resolution (E(do) f, f), and

(A ) = /0 o EWdo) f. f) = 02 < oo,

there is a square-integrable martingale M(t) with stationary increments such that
EP[M(t)?] = 202t and

t
| £onds = M) + ato
0
with E[|a(t)|?] = o(t) as t — oo. The central limit theorem follows. Moreover,

P[ sup |a(t)| zcﬁ] -0

0<t<T

for every ¢ > 0, implying the functional central limit theorem .
For the proof of the theorem, we need two lemmas.

LEMMA 6.2. Let P be a reversible stationary Markov process with invariant measure
i and generator A. Let u € L[] with D(u) = (—Au,u) < oco. Then,

P[OE?ET u(x(e)] > €] < %\/TD(u) + Jlu]12.

PROOF. Since D(|u|) < D(u), we can assume that u > 0. If x(¢) is a Markov process
and 7 is the exit time from G, then E[e~°"] = v(o, x) is the solution of

ov(x) — (Av)(x) =0forx € G, v =10nG°.
The function v is also the minimizer of
allv|3 + D(v)
over v such that v = 1 on G°. Therefore, the solution v, satisfies

2 : 2
O ||V =< inf o|v + D)|.
” 0”2 vv=1 on GC[ ” “2 ( )]

If we take for G the set where u(x) < £, the function v = (u A£) /£ is an admissible choice
for v. Therefore, witho = T,

1
ooy = 7/l + TDGw).
We obtain the estimate
[ Pale < Tl =T [ Enfeoldu = elolh < § w3+ TG O
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This lemma quantifies the statement that the set of singularities of a function u on
R that is in the Sobolev space W2l (R?) has capacity 0. In other words, even if u has
singularities, a Brownian path will not see it; i.e., u(8(¢)) is almost surely continuous.

LEMMA 6.3. Let ||u|l and D(u) be finite. Then, for any ¢ > 0
limsupP[ sup |u(x(2))| > cﬁ] =0.
T

T—o00 0<t<

PROOF. Forany given§ > 0, findu’ € Lo such that [|u—u'[|3 < §and D(u—u’) < 6.
Clearly,

limsupP[ sup |u'(x())]| > cﬁ] =0,

T—o00 0<t<T
and 7
]
limsupP[ sup |(u—u)(x(@))| > cﬁ] < e—,
T—o00 0<t<T c
and § can be made arbitrarily small. The lemma is proved. ]

PROOF OF THEOREM [6.1] Now, we return to complete the proof of Theorem[6.1] First,
let us note that the condition is natural. An elementary calculation shows that

2 t pt
;EP[ ] EP[/O /0 f(x(s))f(x(s/))dsds/]

/0 Fx(s))ds

1
t
2 /
7 (Ty—s f. f)ds ds

0<s<s/<t
t
s
= 2/0 (1- ;)(Tsf, f)ds
o
=2 [ (nf s
0
=2=AT )
=202
Since (T f. f) > 0, the convergence has to be absolute. Let us solve the resolvent equation
Auy — Auy = f.
Then, Au; = Auy — f, and
t t
wa(0) =106 = [ Ao+ [ FCxlsds = Ma(o)
0 0

where M) (¢) is a martingale with

1 ®© 20

—E[M(t)*] = 2D(uy) = 2(—Auy, =2/ ————(E(do) f. f).

, [M;.(1)] (u3) = 2(=Auy, uy) A (A+o)2< (do) f, f)
An easy computation shows that (0 + A)~! — o~! and is dominated by o~!, which is
integrable with respect to (E(do) f, f). The martingales M, (¢) have a limit in L,(P),

Auy — 0in Ly (u). Therefore, a)(t) = uy(x(0)) — uy(x(¢)) has a limit a(¢) and

/0 f(x(s))ds = M(t) + a(t).
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We will show that E[|a(t)|?] = o(t). Then, the martingale central limit theorem will imply
our result. This is again a spectral calculation.

EP[la)P] =2 tim [~ = - LY FIEY A Y

Since (1—e™%9)/t < o and f ~{E(do) f, f) < oo, the dominated convergence theorem
implies that

: 1 P 2
tli)r&?E [la()]?] =0

To prove the functional central limit theorem, we need to consider

1 tT 1 1 tT 1
- /0 S =My (To)+— /0 ity 0)ds =y (6T =1, (<O

The functional central limit theorem holds for (1/+/7T)M;,(¢ T), and uniformly soas A — 0,
because M (t) — M(t) in mean-square. We note that, with the help of the dominated
convergence theorem,

& A
Ml = [ G s (B o) ) — 0

as A — 0. Clearly, with the choice of A = T~ 1,

§r = sup

0<t<1

T
<= /0 VA (x (5))]ds.

and E[|¢7]?] — Oast — oo. To complete the proof, we need to show that, with A = T1,

(T
ﬁ /0 Auy (s)ds

P[ sup |u1/T(x(s))|>c«/—]—>0

0<t<T
We can represent 1,7 as us + (u1/r —ugs). By Lemmal6.3] we have for any § > 0,
lim sup P[ sup |ug(x(s))| = cﬁ] =0.
T—o00 0<s<T
Moreover,
lim | 3=0
im —|uyr—u =
Tooo T 1/T §ll2
and
lim D(uy/r —us) =0.
T—o00,
§—0
They imply that
11msup11msupP[ sup |uy;r(x(s)) —us(x(s))| > c«/—] =0. |

§—>0 T—oo 0<t<T

We now return to the motion of the tagged particle. We need to keep track of its
motion, as well as the changing environment seen by it. If w € Z< is the location of the
tagged particle in the original reference frame, then jointly the generator for w(r) € Z¢
and n(-) € {0, I}Zd_{O} is

64 (AN =Y 7@ 1@ + 2. T — fw. )] + (Af)w. ).

z
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with A acting only on 5 for each w. The n(z, -) part is a Markov process by itself and is
in equilibrium at density p, the distribution being ,. We are interested in establishing a
central limit theorem for w(¢). We note that

w(t) — w(0) = / Y za(z2)(1—n(s.2)ds + M)

Y z
where M () is a martingale with the decomposition

M) =) zM: (1)
and

M(0) = M) = 7@) [ (1= n(s.2)ds.
0
The quantity
V() =Y zx(z)(1—n(z)

has mean 0 in equilibrium, and one may expect a central limit theorem for

/ V(n(s, -))ds.
0

We will prove a decomposition of the form

t
| v s = No) +ato),
0
where N(t) is a martingale and a(¢) is negligible. Then,
w(t) —w(0) = M) + N(@t) + a(t),

and, since the central limit theorem for martingales is automatic, the result will follow. The
quantities here are vectors and the equations are for each component, or they are interpreted
as

(w(r) —w(0),§) = (M(1).§) + (N().§) + (a(0).§)

for £ € R%. We have now the main theorem.

THEOREM 6.4. The position w(t) of the tagged particle satisfies a functional central
limit theorem , with positive definite covariance matrix S(p) given by

63 (SEEE =inf [ [[Zr@a-nen(er - 7 - €2
1
3270 =00~ f(n))z]dup]
X,y
First, we need to prove that for each vector £ € R4 there exists a bound of the form

‘ [ X80 - 1erme iy < VE@ 1)
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We can rewrite, after combining the z and —z terms and symmetrizing,

SES[ Y 8[0 - 0E) — (= -2 f0)]

EM[ 3261 = 1)) f(n)]

z

= 2E8[ Y8l — @)~ F(Tzn)]]

e[ o - oo
B [Xo0 = nemm@rm - f(Tzn)]z]]%
< VCOYDo(/)

with

) =2 Y le o)Pnee)

This proves the validity of a functional central limit theorem for w(¢) with an upper bound
on the variance.

The next step is to establish the formula and a lower bound for it. Let us compute
(S(p)¢,&). The minimizer f = f; may not exist. The space H; of functions u € L, with
the Dirichlet inner product, when completed, will admit objects that are not in L3 (ft,).
There is no Poincaré inequality available. Abstractly, the space consists of collections of

functions {g*” (1)}, {g}, that are the limits in Hq of { f(n*”)— f(n)}, 1= [ f(Tzn)—
f(m)]. The functions g*”(n), g, satisfy identities. g*” is O unless n(x) # n(y) and
satisfies g*Y(n) + g%Y(n*”) = 0. Similarly, g, is nonzero only when n(z) = 0 and
1 =n(z)g:(n) + 1 —n(—z))g—-(T—-zn) = 0. The Euler equation for the variational
problem is

Ero[ 3 2@ = n)g: 00 = & 21 wn) — F0)]]

z

2 B[S a0 L @)~ f@]] =0

X,y

for all f, which, after a bit of calculation, takes the form
Vo) + 3 3l —0g™ + Y w1~ n(e)g: = 0.
w(¢) now has the representation
o) = [ Vo + | (6.2)(1 =m0

with
/0 (£.V(ns))ds = a(t) + N(1)
and

N =Y [0 =AM () + 3 /0 & (1) Moy (1)
z X,y
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with .
My () = Nyy (1) — /0 (v — @) (1 = ns (7).
Therefore,
w) = [ Y8~ :00aM0) = [ 380 ()N (6) +a()
0 0 Xy

= M(@) +a().

Computing the quadratic variation of the martingale M (¢) proves the formula (6.3).

Finally, we will prove the nondegeneracy of the quadratic form (S(p)&, £). We have to
exclude the one-dimensional nearest-neighbor case, where S(p) = 0. The proof depends
on the following fact. We can obtain an estimate of the form

E*[(n(z) = n(=2)) f(m)] = C ¥ D1(f)

in terms of the Dirichlet form

Diw) = (A = (B[ Y w(y — 0l ) — FP]
X,y

It is possible to shift a particle from z to —z without touching the tagged particle at 0. Jump
over it or go around it. This provides an estimate of the form

6.6)  E"[(1(z) = n(=2) /()] = C[E Y [2 v = )/ 0™) = faP]]

X,y

NI—

We can estimate for any a > 0
(A = A7 V. 6)V.8) < (= AuT — A1 (V.6). (A — A1V, )

V= A1v.e). (v.e)
= LA = AUV 8), T - A7V 8)

1 _
+ oAV (V- 8)).
Letting A — 0,
(S(P)E.&) = (—A(—AHV.§). (—A (V. §))

> 24T V6. V. 8) — (AT (V8. V. )

We can obtain a lower bound for the first quadratic form on the right from the variational
formula

(A 'g.g) = Sl}p[Z(g, f) = (AL N

and an upper bound for the second one from (6.6). Picking « large will do it.

For later use, we will need some properties of S(p) as a function of p. It is known
that it is infinitely differentiable on 0 < p < 1 and satisfies S(0) = C, S(1) = 0, and
S(p) =z c(l—p)I.






https://doi.org/10.1090//cIn/027/07

CHAPTER 7

Nongradient Systems

7.1. Multicolor Systems

Let us look at the situation where there are K types of particles. For convenience, we

will take the types to be K colors. The state space is Qn = {F}V “ where F is the finite
set of K + 1 points representing the presence of a particle of color type {1,..., K} or no
particle at any given site of Zjdv. There can be at most one particle at any site. We define

Lilx)y=1 if there is a particle of type i at x and O otherwise,

n(x) = Z,KZI gi(x) =1 ifthere is a particle (of any type) at x,

nx)=20 if there is no particle at x,
$(x) = {&i (%)},
¢ ={¢()},
n = {n(x)}.
The state evolves with time. We have K + 1 empirical measures. Fori = 1,..., K
1
(7.1) Ai(s.df) = WZSX/NQ(S,)C)
and
1 K
(72) A, dO) = 3 3 Beynn(s, x) = 3 Ai(s, d6).
x i=1

The evolution is specified by the generator of the Markov process quite similar to the
old one of a single type.

(N?ANF)(©) = N> Y 2y —0n@)(1 = n()IFEH) = FQ)]

x,yel%
NZ
(7.3) = 2 0= 0ax,@OFE) = FO)
x,yeZ‘/\,
where
(7.4) ax,y(§) = ax,y(n) = [n(x)(1 —n()) + n(y)(1 —nx))],

and {*” interchanges the situations at x and y. ay,,({) is either O or 1. When it is 1, one
of the two sites is empty, and either a jump from x to y, or one from y to x, can occur
with equal rate 7(y — x) = 7(y — x). We will assume for simplicity that 7(+e,) > 0 in
any coordinate direction; i.e., the rate for jumping to a nearest neighbor in any coordinate
direction is positive. We also need either d > 2 or, if d = 1, w(z) > O for some z with

79
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|z| > 2. Otherwise, if d = 1, relative positions of the particles do not change and the
colors do not mix.

The particles evolve as before and are not affected by their type. But we keep track of
their types. Let k; = k; (V) be the number of particles of type i and k(N) = Zlel ki(N)
be the total number of particles. If kK(N) < N d _ 2 je., if there are at least two empty
sites, then the only invariant distribution for the Markov process is the uniform distribution
1N xv) over all possible configurations. Here k() stands for the collection {k; (N)}. In
the limit as N — oo, assuming k; (N)N~ — p; fori = 1,..., K, one has a product
measure (L5 On 7% where p = {p;} and p = ZZK=1 pi = p < 1. Each site x has a
particle of type i with probability p; and is empty with probability 1 — p. Different sites are
independent. The situation with p = 1 is the extreme case, where there is no movement
and every configuration is static.

There are Dirichlet forms associated with these processes given by

(AN £, /ey = Doy ()

= [ Y @l -0 E) ~ fOF]

x,yEZ‘/V

. = SB[ S (1= n)aG -~ DLE) ~ FOF]

x,yEZ‘}{,

and the similar form

Do(f) = B[ . aey©nly — 0@ ~ FOF]

4
x,yeZd

(.6 = 2ES] Y a0 = n0)a - 0 E) ~ FOF]

x,y€Z4

on Z4.

We can also consider our process in a box Bg of size (2¢ + 1)¢, without assuming a
periodic boundary. Jumping outside the box is not allowed. In this case, a minimal number
ng of empty sites that depends only on 7 (-) and d are needed to ensure uniqueness of the
uniform distribution p4 k as the only invariant distribution. If w(+e;) > 0 for all i and
d > 2, then ng can be taken to be 2. The operator and the Dirichlet form look exactly the
same as before, except x and y are now restricted to IB%Z. It is easy to verify that with a
fixed number K of colors, the space of configurations in any finite box is irreducible. For
irreducibility, rates are not relevant, only the set of possible moves. Basically, the empty
sites can change positions with any neighbor. Any two particles at neighboring sites can
change positions if they have two empty sites directly above, below, or on any adjacent side.
Denoting their successive positions by

1 2 e 2 e 2 2 e 2
e e 1 e e 1 e 1 e e

we see that two neighboring particles can exchange positions assisted by two empty spaces.
Empty spaces can move freely to come, help the exchange, and move back to where they
came from, undoing the local dislocation they have created. This only requires that they
return by exactly reversing their steps. When d = 1 and 7(z) > 0 for some z > 2, and the
group generated by {z : w(z) > 0} contains %1, it is possible to design a more complex
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system of allowable exchanges that effects the exchange of two neighboring particles. We
have to bring in a sufficient number of empty sites and place them next to the two sites where
the particles to exchange positions are located. Then effect the exchange and go back by

reversing the steps in the exact reverse order.
We take K smooth test functions J (8) = {J @ (6)} on the torus T¢ and consider

(7.7) F7(¢) = Nd 3 ZJ“( )6i).

xezd, i=1

Next, we compute N2 Ay F5(¢) as

09 N G- Y- 1[70(%) =70 ()]
X,y i=1

and can approximate it using the symmetry of 77 (z) with an error of at most o(1) by

;n(y ) Z[; @1 =noN(VIO(5) +v79(5)) - 0 -].

Or, by using the symmetry of 7(z) and interchanging x and y,

Nl—d
(7.9)

N
(7.10) nd ny:Jr(y —X)

K

LG =000 G0 =nE@n)(VIO(3) + VIO (5)) - 0 =),

i=1

Fori = 1,..., K, the d components f/ of the current for the K types are given by
; 1
(7.11) £.0) =3 Y w2z, e) [5G O) 1 = 1(2)) = &i(2) (1 = n(0))].
zZ

The extra factor of N in (ZIQ) is a problem that will not go away. We cannot do a
summation by parts to bring in the second difference. {f}.} are not gradients. Note that their
sum,

Zf’ = er(Z) »er)[n(0)(1 = n(2)) = n(z)(1 = n(0))]

3 Zn(z)(z, er)[7(0) — n(2)]

3 Y @)z en)nO) — (o)

is a “gradient” that allows for another summation by parts that gets rid of the unwelcome
factor of an extra N when we do not distinguish between the K types of particles.
If we decompose

dﬁ 3 J(%);,- (t,x) = Ax(t)dt +dMy (1)
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into a function of bounded variation and a martingale, the martingale has jumps of size
1/N?+1 with a total intensity of O(N?*2). This makes

E[ sup [My(@)?]<CN™?
0<t<T
and therefore negligible. Estimating Ax () is the problem. While |Ax(¢)| < C in the

gradient case of a single color, here |[Ax (f)| = O(N) and is bounded only when integrated
over time. We need to estimate quantities of the type

where Q y is a perturbation of the process Py that is in equilibrium with some stationary
marginal u, H(Qy; Py) < CN4, and

V0 =7 X als 3)g6 D)

xezZd

t
(7.12) E9N HN/ V(o,¢)do

s

with g (s, {) being a local function with mean 0 under every equilibrium. If we can estimate

% log EPN |:exp[Nd+1 /t V(o, Cg)daﬂ

s

by the Feynman-Kac formula, then we can use Jensen’s inequality to estimate (Z.12)). The
absolute value is not a problem because el < eX 4 7% and —V is as good as V.
We need the following lemma to make uniform estimates in the Feynman-Kac formula.

LEMMA 7.1. Let L be an infinitesimal generator of a Markov semigroup T; on X, and
V multiplication by a bonded function V(x). Then, if D(f) is the Dirichlet form of L with
respect to the reversible invariant measure L,

T
E“[exp[ / V(x(s))dsﬂsexp[T[ | V(X)[f(x)]2du—D(f)H

filflz=1
= exp|:T|: S/Lll()) / V(x)f(x)dp — D(\/?):H
A1y =1

PROOF. Let us denote by g(1) = e!C+V)1.

d
Ellg(t)ll2 =2{(L +V)g(1).8(1) = 2|g®)I? sup 1((L +V)g.8) = 2Allg (I
g:lgl=

where
A= sup [ [ vetseora - D(g)}.
g:llgll2=1

This provides the estimate ||g(¢)||1 < ||g(?)|l2 < e**. This works just as well if V depends
on s explicitly. Then, if A(s) is the bound for V(s, x) in the variational formula, we obtain

the estimate r .
log E* |:exp|:/ V(x(s))ds:|:| < / A(s)ds
0 0

M) = sup [ [ voorseran- D(f)]}. =
fiAlfll2=1

where
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We can rewrite the Dirichlet form as

D(f) = } 33 EFfag(x.x + 2)n @) - FOP]

=Y Do) = ;ﬁz > D)

X yeB+x

where p is an invariant measure on YA
1
De(f) = ;1 3 E"[ao(x. x + Dn@LE) = fOF],

and B is some fixed box around 0 of size |B|. If we have a local function g(¢) around 0
that satisfies a bound of the type

1
2
E*g@ f1l < [ 3 Dy(V)]
€Dy
for all f that are densities with respect to pt and some cube D, then

EX[ Y a()g(m:) ] = 3 Palf)

X

<cYlawl[ X (V7]

YE€Dg+x

(S

~ Y Du(f)

—cYul ¥ o] gt m Y X o)

y€Dg+x X yeDg+x

<C?2q+ D) la)P.

X

We will often have the need to estimate
B[V Y a(5 ) |- N2 3 Pu(h)] =
v o] Sal(Reedrs |- X mn]

It is not difficult to prove that for a finite Markov chain with an ergodic, reversible, invariant
measure y and Dirichlet form D( f) for a potential V' (x) with mean 0, the eigenvalue

Me) = sup [e / V(x)[f(x)]zdu—D(f)}

I fl2=1
satisfies
. Ae)  a*(V)
lim —= = .
e—>0 62 2
Here

t 2
o2(V) = tl_l)lgo;E”H/o V(x(s))dsi| ]

Although it may look like we are estimating exponential moments for a large class of func-
tions we are interested in, because of diffusive scaling we really only need to estimate vari-
ances in the central limit theorem.
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The expectations of the currents {f’} in any equilibrium 5 are easily calculated and are
equal to 0. We need to understand this combination of large N and currents f that are small

on average. We will determine constants {c;i,} withr,r’ =1,...,dand 1 <i,j < K
(that are actually functions of /5) such that
(7.13) Z eyl g (er) = ;(0)] =

Jr’

and {w!} are negligible. The sense in which they are negligible has to be specified. They
will become negligible only when integrated over time. The context will be relative to
the process in equilibrium under the measure 5. This makes the constants cr’i, functions
of p. We can now do another summation by parts and get rid of the extra N, replacing

{N(;(e;) —¢;(0))} by dp;/06,,. We end up with a weak formulation

ad 8
(7.14) atZu,,p, ——Z< Zae "f> 0

of the elliptic system

3pz

(7.15) L BO) - a” L.

89

The approximations will be good enough, and it will be possible to do large deviations as
well.

7.2. Tightness Estimates
We will need various tightness estimates as we proceed. Since our goal is to prove a
large deviation estimate for R y, the distribution of

k(N)
> ""N > e MIDI0, T]:T)]

i=1

1
Nd

V=

on the space M (D[0, T]) of stochastic processes on D[[0, T]; T 9], we will need an expo-
nential tightness estimate. This will establish tightness under all perturbations with relative
entropy bounded by CN?. The process, the trajectory of the i™ particle, can be repre-
sented as xiN (r) = EI.N () + Ml-N (). EI.N (¢) and Ml-N (t) are processes with values in R,
and xl-N (7) is the projection of their sum to T¢. Since the jumps are small, xiN (t) can be
lifted in a canonical manner from T¢ to R? and decomposed there as the sum of a mar-
tingale Ml.N (¢) and a function of bounded variation EiN (¢) with values in R¢. Moreover,
SIN () has a representation

EN(@)=N / t bi(x(s))ds
0
with b; of the form
bi(x) = bi(x1.....Xky)
=Y (—n(xi +2))(z,€)m(2)
=Y (1 =n(r(y —x)(y — X, €) L=

X,y
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==Y (1 =)y —x)(y — x, ) l=y

X,y

1
=5 27 =0y =% e)[(1 = () Ley=x — (1= () Lg;=].

X,y
We will appeal to a result of Garsia-Rodemich-Rumsey.

LEMMA 7.2. There are constants Cy, Cy such that for any continuous function ¢ on
[0,7]

(1) — d(s)]
S su su
T(¢) O<8I<)l ‘0<s|£)7;g \/Slog %
s—tl<

T T
(7.16) §C1+C210g+/0/0 exp{%}cﬁd&

Their results are in terms of the choice of two functions, W(x) and p(x). To get our

estimate, we need to take W(x) = e*l — 1 and p(x) = /x. See [23] for details. The main
step is to obtain an estimate of the form

Srloe B e [a Y sr&(n]] < ¢

for some o > 0. By Jensen’s inequality, this would yield an estimate for Q y with H(Q n; Pn)

< C4N?,
1
B[ 57 s < ¢s

which is enough to prove the tightness of R . We need to estimate

Py |§i (1) — gz(sz)|j|i| e
E |:/ / |: Il—S,I dt; ds;.

We can replace e*! by e* + ¢ and pick 5; < #;. This adds at most a factor of 2V ¢
twice. It is enough to prove the following lemma and we can then choose A; = (f; —s;)'/2.

LEMMA 7.3. For any choice of A;,
EP™ [exp 3o hiE ) — 660 || = exp[Co 30420 —s0)]
holds uniformly with some constant Cg.
PROOF. Fort € [0, T], let us define k(¢) = {i : t € [s;,;]}. Then, with x = {x;},
Ve x)= Y Ay (y =0y —0)[(1 = () e=x — (1 = n(x) g =]
i€k(t) X,y
For any density f with respect to u,
|EE V(%) f1]
1
= E“[‘E DAY =0y =0l = () ley=x — (1 = () L, =y ][/ — f]”

iek(t) XY

5E“[Z il / Z(l—n(y))n(y—x)ly—xl\\/m—\/7H\/fx—,y+\/7,]

ick(t) X xtx ¥
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EE"“[Z |M|Z / [Zn(y—x)(l—n(y))|m_\/7|2]%

iek(t) X x;j=x 7V

x [Z”(y — ) =) (VY + \/?)2]%]

1

= C[ 2 Afz]z[ Do w0 —n(x +z))(\/m_ \/7)2]%

i€k(t) i€k(t)

1 1

=c[ ¥ 2 [P/
iek(t)
It follows that

AV(t,%)) = sup |:E”“[V(t,x)f] — %D(ﬁ)} <Cs Y A%
1721 iek()

and, by Fubini’s theorem,
T
/ A(V(t.x)dt < Ce Y A[ti —sil. O
0 i

THEOREM 7.4. The distribution Ry of the empirical distribution satisfies the expo-
nential tightness estimate as probability measures on the space of measures D[[0, T]; T4].
In particular, given any L and €, there are compact sets Kr, ¢ in D[[0, T]; Td] such that

1
WlogRN[y : y[Kz,e] >e| <-L.
PROOF. We can choose B large enough so that

log P [ )" Sr(xi(-)) = BN | < —LN“,

and it follows that the empiricals

1
N > 850

satisfy exponential tightness estimates. We now have to worry about the martingales.
We can decompose the martingales into ones that correspond to specific jump sizes. Let
cn (i, z,t) be the number of jumps of size % that the i th particle had up to time ¢. Then,

t
cey(i,z,t) = N2/ w(z)(1 —n(xi(s) + z)ds + NMy(i,z,t)
0
where My (i, z, t) are mutually orthogonal martingales

My(i.t) = zMy(i.z.1).

Given € and §, we say that the martingale My (i, z, -) “misbehaves” if

sup |Mpy(i,z,t) — My(i,z,s)| > €.
0<s,t<T,
|s—t|<6

Let H be the number of misbehaving martingales. We need an estimate of the type

1
lim sup lim sup —— log Py[H > eNd] = —00
5§50 N—oo N
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for every € > 0. If the martingales were independent instead of just being orthogonal, this
would only require that
lim sup lim sup sup P[ sup |My(@i,z,t)—My(@,z,5)| > e] =0
§—>0 N—oo i,z 0<s,t<T,
|s—t|<6
for every € > 0. If we toss N coins independently with probability of heads P(H) < n for
any one of them, then the probability of getting more than k = Ne heads is bounded by

ﬂN,n,e = Z (A]’\‘]) n (11— U)N_r,

r>k

and the large-deviation estimate for the binomial implies that for any € > 0

lim sup lim sup 1 log Bn.p,e = —00.
n—>0 N->oo N

We want to compare two models. Py is the distribution of N independent, com-
pensated Poisson processes with jump size 3 N 2 and intensity ¢. H is the number of
processes that misbehave during [0, T]. The second model Q n corresponds to N mutu-
ally orthogonal martingales y; (¢), again made of jumps of size % and their compensators.
They need not be independent and the rates Ay (i, ¢, w) are at most ¢ N 2, We claim that
ONI[H > k] < Py[H > k] for every k. This would solve our problem. We need expo-
nential estimates on Q y[H > Ne| and we have it for Py. We will proceed with proving
the claim.

Let A(¢) be a nonincreasing function on [0, 00) with 0 < & < 1 and & (c0) = 0. For
the compensated Poisson process starting from a at time ¢, let g(¢,a) = E; 4[h(t)] where
7 is the exit time from (—m, m) of the space-time process (¢, a(¢)) with generator

8f([a)+ Nz[f(ta—i— ) flt.a Zaf([’“)]

N da
Then, g is the solution of the equation

Qf =

qr+Rq =0 for l[a| <m, t >0,
q(t,—m) = h(t) fort >0,
q(t,a) =h(t) forae[m,m+1),t=>0.
It satisfies gy < 0 and 2¢g > 0. Let
wf (tay,....an) = Y [Jat@.o ] -q@.0)
Ac{1,2,..,N}i€A i¢A

where the summation is over all subsets with cardinality at least k. It is easy to check that
duly
— Z Quf =o.

U IICV is amultilinear expressmn ing(z, a;), and the coefficient of ¢ (¢, a; ) is u;’ 11 (t,...,a;-1,

ajt+1,...)and Q; u > 0 for every i. Suppose we now have N, not necessarily 1ndepen—
dent processes y; (t) such that

t
S50 ) = 103000 = [ entios.)[ (5,306 + 57) = 76,3000 = 37 fals. i) Jds
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are orthogonal martingales. Moreover, cy (i, s, w) < cN 2 makes

10000 = FO. 300 = [N f (5060 + ) = Flsu 316D = 5 s i) s

into supermartingales. If we take i(t) = ljo 71(¢), which is still nonincreasing, the ex-
pressions u,iv (t, y1(t), ..., yn(t)) are now supermartingales under Q. To see this, we
saw that u,iv is linear in each variable with nonnegative coefficients. If we compute modulo
martingales using orthogonality,

dluf ¢, y1(t).....yn@)] = Z[—Qiuﬁldl +g'en(i 1, 0)Qiq(t,a;)].
i
i N — 2,i0. . L —yN-1 N
Since Q;u}’ =cN=°g'Q;q(t,a;) where g; =u}’~ ", it follows thatuy’ (¢, y1(¢), ..., yn (1))
is a supermartingale under Q y. If we stop the processes that exit from (—m, m) and con-

tinue with the rest, the event in question counts the numbers that are still inside and the
ones that got out.

On(H) = ECN[u™ (T, y1(T),...,yn(T)] <u™(0,...,0) = Py[H].
i (t) = 1 for the paths that got out and O for those that did not. |

7.3. Approximations

There are three versions of our basic simple exclusion process with K colors. One on
all of Z4, one in the periodic box Z‘]{,, which is our main focus, and finally, one in a finite
box Bg with no jumps allowed to the exterior. Their generators are

AN© = Y 1@ =n)r(y —0)fE) = £©)
x,yezZd
and
ANNE@ = Y @A =)y =D EY) = f©.
x,yez9;
]d

In a finite box Bg = [—q, q]¢ of size (2¢ + 1)?, with jumps to the exterior excluded, the

generator will be

AN = D )t =)y = DFE) = £

x,yEBg

In addition to the two Dirichlet forms (7.14) and (Z.13)), we have on ]B%g the form

D) = 1B N any@r(y — @) ~u@)P)]

x,yeBY

We have three types of local functions, all having the common property that they have
mean zero under every (15 with Z,K=1 pi < 1. The first type consists of functions f = Au
for some local function u. As u varies, we get a large family N of local functions { f }. The
second family of “currents” consists of Kd functions {f’} given by

£ = %Zm)(z, er) & (0)(1 = n(2)) = & () (1 = n(O))]-

z

Both families have the property that their expectation is 0 under every invariant distribution,
in every sufficiently large box. If u is defined in a box, then .Au has zero mean with respect
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to any invariant distribution in any box Bg provided Agu = Au. Finally, we have the Kd
microscopic “density gradients”

(7.17) d. = {Zi(ey) — i (0)}.

The first type will be “negligible.” The goal is to express the “currents” as a linear com-
bination of the third type, “density gradients,” modulo the first type that are “negligible.”
The density gradients are a bit more difficult to handle because their expectation is not 0 if
the density is 1. There will be problems when p is close to 1. But the basic object we want
to approximate is O if the density is 1; so there is a natural decay when p is close to 1.

We consider a function of the form f = Au = Ayu where u is a local function.
Let U(¢) = erzﬁ, u(tx¢) and F(§) = erzﬁ, f(1x¢). Then, AyU = F. In the

speeded-up time scale with generator N2.A,

w7 [ IV FIC0Nds = UG 0) = UEO)] = M0,
We can express

1 t
v [ WFIGG)ds = ako + g0
where [g), (1) = (1/N9THYU& (@) — U(0))] < C/N, and g3, = (1/N)My(1) is
a martingale with O(N?) possible jumps of size N ~@+1 with rate O(N?) making its
quadratic variation O(N~¢). For f € N/, this makes

& s | [ reecon]as

(7.18) — su
N 2oy .
X€ZLY,

“negligible.”
Forany 1 <r <d,1 <i < K, and smooth function A on T, we need to be able to
replace
1

W/t[ ) A(%)(Nfi)(fxé'(s))]ds
0 er‘fV
by
L al iJ 7 1 - )
_2Nd /(; [ Zd A(ﬁ) ZCr,r/(gx-i-Ne/(S))Z[é.j,x-‘rNeer,,Ne/(s)—é'j’x_Neer/’Ne/(s)]:Ids
X€ZLy r',j

with an error that becomes negligible as N — oo, followed by €, ¢’ — 0. That would lead

to
1 [t . 1. i
—5/ / A(u) E € (Per (s, 1)) 2—6[p_;,€/(s,u +ee,/)—p‘,-,€/(s,u—ee,/)] dsdu
0 T
Td r,Jj

where
_ 1
(o) = o [ ptanan
[u/—u|<e’

and

Er,x,Ne’ = : Z é‘r(x)-

nd
(2Ne) |ly—x|<Ne’



90 7. NONGRADIENT SYSTEMS

As €/, e — 0, this becomes
l t
_EA/A(u)Zc (p(s,u))———— p,(s u) dsdu.
Td r,j

If we consider a family of local functions v(p, {) and f(p, -) = Av(p, -), depending
smoothly on p and depending on ¢ in a finite box,

1 t _
7 | 2 (NN xlne (o). wl (0)dr =
xez4,
1 o -
vt 2 Edne (0. 1l (6) = v(ralne (0. 2l ()] + My (@) + o(1)

d
X€ZLy

is negligible. But the process under consideration is not necessarily in equilibrium, and we
may want to use these estimates to establish large deviations as well. So, we need to show
that these error probabilities are superexponentially small in equilibrium.

In other words, we need to show that for any smooth function A on T,

1 t
(7.19) inf llmsuphmsup—logENk(N)[exp[ / On(f §(s))dsi|i| =0
f(y) €,6/>0 N—>o0 N 0

where for each i, r

On(£D) = Y A(5)hd).

xez4,
with
h(zx$) = [f;;(fxé') - f(TXENE/v Txé') + Te (TxENe’v é’)],

and

ENG Z Cr ¥ é‘Ne TNee /é‘j Ne/ — T—Nee,/ é‘j,Ne/]-

By the use of the variational formula and Feynman-Kac representation,
1 t
Faloe BV x| ¥ [ on(rcnas] |
N 0
<IN sup [NE#V™[@n(f,£)G?] — N*Dn(G)]
G
— (N> sup [N E#N* 0[O n (£, 0)G?] — D (G)]
G
N=UON(£.0).ON(£.D)cLr
1
=tN"%sup |:E“Nsk“\’) [GON(L.D)] - gDN(G)].
G
If we have an expression of the form

EuN.k(N)[G[ Z H(rxé')] — DN(G)]

d
X€Zy,
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to estimate and if H () is of the form —[F(£%%T%) — F(¢)], we can do a summation by
parts and rewrite the above expression as

EMNK®N) I:% Z [F(.L,xé-x+a,x+a+2) _ F(Txé-)][G(é-x+a,x+a+2) _ G(‘L’xé')]:| — DNn(G).

d
X€ZLy,

Both sides can be localized by breaking them up into sums over Bg. One can replace
densities over small macroscopic blocks by densities over large microscopic blocks. The
problems with p >~ 1 has to be handled. The Dirichlet form Dy can be thought of as
g + 1™ Do ez, Dg,k. The problem can now be reduced to estimating the following
quantities after trimming the edges by leaving a border of size v so that all the functions
depend only on the configuration in IB%Z:

A f) = sup[E[G 3 8= e[ e+ e =401 £ (0 ]| =D (@],
G x€By—y r,j
with f = Au where u varies over local functions. We need to show that, with the proper

) ij o
choice of constants Cplyr (0),

(7.20) inf  limsup (2¢ + 1)7¢A(q. f) = 0.
u gq—00,
Q@q+1)" ki —p;
The plan is to first establish the validity of the above approximation. This is at the level of
the central limit theorem in equilibrium. Then use the idea of localization to make smooth
choices of f and c;’f/ that depend on ¢ over blocks, and use it to prove (Z.20). The central
limit theorem requires us to use ¢ over large microscopic blocks, whereas (Z.20) will need
small macroscopic blocks. We will need analogues of Lemma [5.8] and Lemma [5.9] since

we want to do large deviations as well.
The plan is to establish (Z.20) first.

7.4. Calculating Variances

We are given two local functions g1, g2, depending on configurations in a box Bg.
They have mean 0 under every invariant distribution j, under .AZ. We try to define an
inner product [g1, g2]5 in two steps.

erggu=Jim 12| ([ atonas)( [ X awmios))

[x|<g—v |x|<g—v

We note that g; and g, continue to have mean 0 under every invariant measure jL4/ x On
B, forq’ > g.

- —d
(7.21) [g1.82ls = lim (g + 1D (g1.82)gx-
Qa+D)~ki—>pi

We will construct for each p with p = ZZK=1 pi < 1, a Hilbert space H = Hj; and
a linear map ¢ — ¢ = o(g) that imbeds linear combinations g = Au + Zi,r alf. +
Zi,r bid. with inner product [g1, g2] 5 isometrically into H 5 with inner product (-, -). It
will turn out that o (Au) L o(d.) and H is spanned by them. Then the approximation is
an easy consequence.
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Let K be the space of functions § = {g(z, {)} defined on {z : 7(z) > 0} with values
in L[puz]. We define an inner product

(#1.82) = 3 B[ a0 07211 . 0. 0)

Let \V be the space of functions f = Au = ,Agu for some local u depending on Bg. Since

A is linear and translation invariant,
A( Y wwo)= Y f@d
|x|<g—v [x|=g—v

and

(P =205 ( Y u(@0).

Ix|<q—v
It is now easy to calculate the limit (Z21) as ¢ — oo. If Au; = f; fori = 1,2 and
Qq + 1)k — pi,

e falp = —E“v[ZaOZ@)n(zm(z 0£:0] = A f)

where, fori = 1,2,

iz =0~ Ui0) and UiQ) = Y ui(zxd).

xezd

Although U; are not well-defined, fix’y = U; (*?) — U; (¢) are well-defined and satisfy
linear identities. f;*”(¢) are covariant, i.e., /75777 (¢) = [V (1,0). If {o;} are per-
mutations of the form x <> x + e; for some x and j, and 0102 ---0;x = Id, then with
0j = Xj <> Xj + eq(;) for some e = ey ()

k k
0= ZUi(GjUj—l 018) —Ui(oj—1---010) = Z fixj’xjﬂa(j)(ﬁj—l ---010).

J=1 J=1

The Hilbert space H C K consists of all such maps. With /¢, ($) = h(0,¢) and hy ,({) =
ho,y—x(7x{), they satisfy these linear identities. The inner product is given by

(o) = 5 B2 3 a0 @n@(z. Doz, 0)|

and Ho C H is the closure of the span of f as f ranges over N. We need to consider
two families of functions that are not in A". {f.} and {{;(e;) — &;(0)} with 1 < i < K
and 1 < r < d. We will show that they can be imbedded in H as well. Imbedding fﬁ is
relatively easy. We can take

Vo =Y (renti().

d
x€BY

A calculation of A9V} yields

(V) = Y G —n)rly —x)(y —x.e) Zf’(fxi)

X, YE€ZLqy
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the error coming entirely from boundary terms. The error can be controlled and for large ¢
becomes relatively negligible. Therefore,

a(£)(.0) = Vi) =V (©) = (z.e,)[5: (0) = & (2)].

While we defer saying anything about o (d) till later, we can, however, compute its inner
product in H with objects in Hg and o (f}.):

(G =6 O)gu = —2E"x[[ 3 u@o][ Y Ge+en-t@n]] = 0@,

|x|<g—v lx|<g—1

The summation 3,1 (6 (x + €;) — §(x)) telescopes, pg x is almost a product

measure, and u is local. Therefore, only the boundary contributes. This proves that o (d%) L
o(f)forall f = Au,ie., o(d.) L Ho.
We next compute the inner product (o (f!), o(dﬁ,)) 5. We can compute it as

(o(5).0(a));

) _2 (2 +1)q—17i1)r]§10’ Vi mEuq’k[[;(X’er)gi (X):I
q i—>pi, Vi
1 X sw- X 4wl
xXr=q,|x|<q xr=—q,|x|<q

= —=2[8i.jpi — pip;l-

We next do a calculation. With fo, = U(¢%?) — U(¢) and U({) = Y, czq u(zx¢) and
denoting U the set of local functions u, we will show that

inf 254 Y a0 @) 2 w) (L ar @ - 69) - fo.0)] ] =

ueld 2
(w, S(p)w)(a, R1a) + (w, Dw)(a, Rza)

where D is the covariance matrix

(w, Dw) =Y 7(z)(z, w)*,

_ P _P1p2 __P1PK
pr(1 =5 7 £
_% p2(1 — 972 _PZII;K
Rl = . . . ’
—Hok =B (1 BK
and
p}  pip2 o+ pipk
1—p P1P2 P% o P2PK
R2 = . .
P

P1PK P2PK Pk
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Because the generator leaves invariant the class of expressions of the form
erz?v L(&(x))u(txn) where £(¢) = >, a;{; is a linear expression and u(n) is a lo-
cal function of 1, we can restrict the class of functions u({) to functions of the form

£O)um).

We need to compute

inf 2 E47[ Y [n)(1 = n(2) + 1)1~ O], w) (EO0) ~ £EE) ~ fo,-OF ]

ueu
z

We decompose Y a; ; as
K
(WY an i+ Y- a5 =an+ i
i=1

where a = (1/p) Z,KZI a; pi. Moreover, {(¢) = Z,KZI a;¢; and ZZK=1 pid; = 0. The
conditional mean of E[£({(x))|n] is easily calculated to be 0, and the conditional variance

of £(¢(x)) is seen to be [(1/p) Y1y a2 p; — @] (x).
We note that, as we saw earlier,

EF4ao.z(n(0) = 1(2)) fo,z(D] = E*?[(n(0) — n(2)) fo,2(D)] = E*?[(n(0) — n(2)) fo,2(§)] = 0.

Therefore, we now have

inf 2 E47[ S [nO)(1 1) + 1)1~ 1Oz w) (GO ~ 6 ) ~ o, O]

uelU
+ 3@ BR[O/~ ) + 1)1~ nON]r )z, w) (1) ~ )]

The second term is easily computed to be
a*(Dw, w)p(1 — p).

We examine now the first term:

fo @ = [ lcepuean]” ~[ Ll
= Y L) [u((@em®™) —u(tem] + LE@)u((0) — £E©O)uln)

xX#0,z

+ L ODu () = L)l
We remark that given 7, {(x) are mutually independent and
. . 1 K
EC@m =0, ERQ’h) =0 = 3 pia? @
i=1

We can calculate the conditional expectation given n explicitly to obtain the variational
formula

02 inf 2 B[ 3w @O~ nE)[(z w) — u((@®) + utn)]’
+ Y 7@ A = nO)[(z w) —u®@®?) + uxzn)]?

+y > ﬂ(Z)[n(O)(l—n(Z))+n(Z)(l—n(O))][u((fxn)O’Z)—u(fxn)]z]-

Z x#0,z
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Using the translation invariance of 11, and the symmetry of 7 (), this can be rewritten as

0%p inf B[ w(:)(1=nE)[(z. w)—u((rzn) ) +un] + Y- 7= 0) (™) —u(m)’ |
z X,y
xXF#y
which by Theorem [6.4] equals 62pS(p).
The last calculation is to show that o (f)) + >_; ./ C;’:,U(d;/) € H, for a choice of
{clj:, } to be determined. If we denote the projections of o (f7') in the orthogonal complement
of Ho by f;”, then we know that

(fir’ fjr/> =S;,;(p) (pr‘gr,r’ - %) + Di,jprpr

: 1
i,r _
Ajpp) =5

We also know

| R 1 / -
S5 A7) = S0 (6).47) = ~8rrpr = pror] = =7
By elementary calculation,
C = Ay
where
A=S®R +DQ®R,
and
1 1 1 1
T =7
I U T 1
_ 1—p 2 " 1-p 1—-p
L= :
1 1 1,1
= = oK T T
This is how the equation
~ 1 ~
pr = EVAXVP
for the multicolor system p = (p1, ..., pk) is established.

7.5. Proofs

‘We will not provide complete proofs here. Instead, we will indicate the main steps and
provide references. The first step is to show that in any ujz, H is spanned by Ho and the
K d-dimensional subspace that is generated by o(d!). Since we have already calculated
the relevant inner products, it will then follow that o (f) + Axo (d) € Ho. Suppose we start
withan h € H. We are trying to finda U = . F(zyn) so that

h(z,8) = UE*) = U©).

The first step is to integrate out all the variables outside a box so that we are computing

h(x,y.8) = E[h(y — x, 1:0)|Fp, |-

Since the measure involved is a product measure, this is plain averaging and {h9(x, y)}
will satisfy all the linear relations except the covariance under translations. We broke the
translation symmetry by conditioning over D,. We can now find a function U4 on the
space of configurations ¢ on Dy such that U?({*Y) — U9(¢) = h9(x,y,{). If there are
enough empty sites, we can move any configuration to any other by making a finite number
of allowed exchanges, and the result will be path independent. We have a free constant
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and we can choose it so that E[U?({)] = 0. We can then get a translation invariant U by
defining

1
U@ = a7 Z U7 (0).

This is almost what we want except for contributions near the border. They should be
relatively negligible when ¢ is large. But that requires knowledge about the size of U¥4.
That is, a Poincaré inequality or a spectral gap estimate is needed for functions linear in {
with coefficients that are functions of 7. Then it turns out that the boundary terms do not
go away but remain bounded and contribute in the limit. The limit can be shown to be a
linear combination of (z, e, )[¢; (e;) — & (0)].

Finally, we have to show that {; (e,) — ¢; (0) can be embedded in H where they have to
be in the span of H( and the Kd-dimensional subspace (z, e, }[{; (e;) — ;i (0)]. With this
and analogues of Lemma[3.8]and Lemmal[3.9] we can replace the currents f by appropriate
linear combinations of ¢; (e,) — £ (0) to establish the limiting hydrodynamic equation in the
weak form,

1
(7.22) pe = 5VAPXPIVP.

This system, although nonlinear, can be solved in two steps by reducing it to two linear
equations. One can argue independently that a tagged particle in nonequilibrium will be-
have locally like one in equilibrium. So it will diffuse according to

%VS(p(t, u))V+b(t,u)-V

with some drift term to be determined. Collectively, the density will evolve as

1
(7.23) pe = 5VS(pt.w)Vp—V-[b(t.u)pl.
But the density also evolves as
1
(7.24) pr = EVDV,&

Therefore we must have
DVp = S(p)Vp—2bp+ mp
with a divergence free mp;i.e., V- mp = 0. It is most likely that m = 0, and so we expect
(Vp)(t, u)
b(t.u) = [S(p(t.2)) = DI 7=

Solving is carried out in two steps. Solve for the total density (Z24). Then, with the
solution p(z, x), solve for each p; by the linear equation (Z.23) with variable coefficients
given by p(¢, u).

You can find the details in [[19,21]]. It is useful to note that we can limit ourselves to
the class of functions that depend linearly on ¢ with coefficients that can be functions of
n. This class is left invariant by the semigroup. We saw already how this made certain
computations easier.

Analogues of Lemma [5.8] and Lemma are not very difficult if p < 1. This will
mean that there will be empty spaces far away and they can facilitate interchanges between
particles of different colors that are far away. The proof is not all that different from proofs
when there is a single color.

Another point to note is that the approximation estimates are strong enough to allow
us to carry out large-deviation estimates. The reason is that although the large-deviation
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estimates require the calculation of exponential moments, the scaling makes the constant
in front of the exponential small, bringing it within the scope of the central limit theorem.
The upper bound of the dynamical part of the rate function is computed easily through the
exponential martingales,

EPN [exp[i S [a(r 5 et - no. 5 )ao.0] - [ exply Z(u)]du]] =1,

i=1xez%

and leads to the rate function
2
dt.

1 /T
2 Jo —1,A()

This is very similar to the single color case. Weak perturbations with rates that de-
pend on location, time, and color provide lower bounds in terms of relative entropy and
Girsanov’s formula. One optimizes the perturbations over those that have the same end
effect but least relative entropy. This will match the upper bound. Some technical details
come up. If we are not considering large deviations, the solution p(z, u) of the total density
satisfies 0 < p(t,u) < 1 for ¢ > 0, and there is no problem in solving the linear equations
for the densities of colors. But when we consider large deviation, we need to consider what
happens when p(f,1) = 1 on a set of positive measure in [0, 7] x T¢. This requires an
understanding of degenerate diffusions with minimal regularity; see [22]. Once we under-
stand the behavior of multicolor systems, we can go on to empirical processes where we
have a simple exclusion process and every particle is tagged.

.1 -
pr— VAP

K(N)
yN( @) = N PIEINE'
j=1

is a random measure on D[[0, T']; T 4] with total mass 5 = limy 00 k(N)/N . Its distribu-
tion is R 5. We know that that the sequence is tight. We want to show that any subsequence
of R that converges is concentrated on a single measure consisting of a Markov process
Q with initial distribution po(u)du and time-dependent generator

SVS(olt.10) -V +[S(ptt. 1) — €],
p(t, u)
Since we have tightness, we only need to identify uniquely the possible limit. Let 0 < #; <
- < tp = 1be p time points. Let Ay,..., A, be a partition of T4 into p sets that are
continuity sets for Lebesgue measure, i.e., have boundaries that have Lebesgue measure 0.
It is enough to show that the random variables y[§(#;) € Ay fori = 1,..., p] converge

in probability to Q[£(t;) € Ay fori = 1,..., p] for all choices of {s;}, time points
t,...,tp,sets Ay,..., Ap,and p > 1.

We can at time O color the particles from A4y, ..., 4, by different colors and see how
their distributions are at time #;. Refine the color code to incorporate the information at
time 0 and 71, and proceed in a similar fashion. The law of large numbers for the multicolor
case guarantees that the /R y is concentrated on those measures y whose finite-dimensional
distributions coincide with that of Q. Notice that the total mass is not 1 but some constant
p < 1. Having this for all p and choices of time points and partitions of 7¢ and the
tightness of R proves the result; see [23].

One can try the same thing at the level of large deviations. One has to calculate the
limit of the rate functions as time steps shrink and the cells get small. Itis a challenging cal-
culation carried out in [21]] and the rate function is rather interesting. Let P be a stochastic
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process with continuous paths on C[[0, T']; T¢]. The dynamic rate function is calculated
as follows. P has marginals p(¢, u). The rate function of Section[5.3is obtained by weak
perturbations.

The law of large numbers holds for the solution of

1
2
We can perturb it to a solution of

1
(7.25) pr = EVCV,O—V-,O(I —p)Ch
with an entropy cost of

T
Eb) = %/0 [,o(l—,o)(b,Cb)dG d.
Td

For an optimal rate, one minimizes £(b) subject to (Z.23). The process will evolve as the
diffusion process Pj with generator
Vo(t,0)

1
SVS(.6)Y + [(S (P00 =)0 9

Solutions other than minimizing b have a role to play. If ¢ (¢, 8) is a smooth function
of ¢, § with values in R¢, one can compute the stochastic integral

T
E”b[ /0 <¢(t,9(z)>-de(z)>]

Given a process @, in addition to matching the marginals, one may want to match the
circulation as well. Find b = bg such that the process P matches Q in the sense that

T T
E”b[ / <¢(t,9(r)>-de(r)>}=EQ[ / <¢(r,9(z)>-de(z)>}
0 0

T T
Py — @2
E [/O w(r,@(r))dt} E [/O w(z,@(t))dt}.

If b exists, it is unique, and if does not, /(Q) is infinite. With b = bg, we have Py, and,
finally, the dynamical rate function for Q is

1(Q) = E(bg) + 1(Q: Ppy).
It is interesting to notice the universal, simple form of the rate function involving only
C.S(p). A(p), and y(p)-

]v+(1—p(1,9))Cb-v.

and
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CHAPTER 8

Some Comments About TASEP

TASEP (totally asymmetric simple exclusion process) is a one-dimensional simple ex-
clusion model on Z y in which the particles are allowed to jump to the neighboring site in
only one direction, i.e., from site x to site x + 1 if it is free. Formally one can easily derive
the hydrodynamic limit when space and time are scaled by the same factor,

a5 27 (5 ) o = Z[J(x; Y= () ] =m0+ o

Again, it is easy to check that the quadratic variation of the martingale goes to O with N.
If we believe, as before, that the distributions are locally Bernoulli at a suitable density, we
obtain

d /
E(J’IO) = (J 710(1 _p)>9

a weak formulation of the Burger’s equation

(8.1) pr + [p(1 = p)]x =0

with some initial condition p(0,u) = po(u) on the circle T. This equation may not have
smooth solutions, even if pg is smooth. It can develop shocks at a later time. There are
results that prove local existence of smooth solutions. While a weak solution to (8.I)) exists
for all times, it is not unique.

The following general facts are known. Among all weak solutions there is one that
satisfies an entropy condition. A smooth solution always satisfies it. If f is a smooth
function, formally,

d
27/ (p(t.x) = — " (p(t, ) [p(t. x)(1 — p(t, x))]x
= f'(p(t. x))(1 = 2p(t, x))px (t. x) = —[g(p(t, X))]x
where g’(p) = f'(p)(1 — 2p). This can be written in the weak form as

d
(8.2) 7S 0) = (J'. g(p)).

If p is not continuous, (8.2) does not follow from (8.1). The entropy condition under which
uniqueness is valid requires that, if f(p) is a convex function of p, then

d
77/ (Pt )) + [g(p(t.x)] =0

as a distribution. It is known that the validity of the entropy condition for any strictly
convex function implies the validity of the condition for all convex functions. The limit
of the TASEP is the unique weak solution satisfying the entropy condition. This has been
studied by many; see, for instance, [26].

99
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A possible weak solution p(z, x) with a discontinuity along a line x = ¢t on [0, T] xR
(rather than on [0, 7] x T) is given by

p— ifx <ct,
p+ ifx > ct.

(8.3) p(t, x) = §

For p(¢, x) to be a weak solution of p; + (p(1 — p))x = 0, it has to satisfy
T ct T [ele)
p-tt=p) [ i [ putendx+piti-p) [ di [ gue0an
0 —00 0 ct

(9 T (9 =
+p_[ dx/ ¢ (t, x)dt +p+/ dx/ ¢x(t,x)dt = 0.
—00 = —00 0

It is easy to check now that this implies ¢ = (1 — p—p4 ). There is another way of checking
that shocks have to travel at their specific speeds, satisfying what is known as Rankine-
Hugoniot conditions. If we consider an interval around a shock, the inflow is p_(1 — p_)
and the outflow is p4+ (1 — p4). The difference has to be compensated by the shock moving
to the left or right to compensate for the increase or decrease of the number of particles in
the interval. This provides the relation

p—(1 = p-) = p+(1 = p4) = c(p- — p+).

Let us consider the space T and the lattice Z y imbedded in it. A microscopic profile
is created by randomly distributing particles independently at sites x/N with probability
p(x/N). Then by the law of large numbers this will result in a macroscopic profile p(6)
that will evolve in time as a weak solution of p; + (p(1 — p))x = 0. This will be the
macroscopic profile of the particle system at time N¢. The initial entropy of the particle
system, ignoring an additive constant, is easily computed and

S p(n)log p(n) = N / p(6) log p(6)d.
n T

From the theory of Markov processes, we know that this is nondecreasing. One would
expect that at a future time the microscopic entropy and the macroscopic entropy maintain
their relationship and that would make the macroscopic entropy

h(t) = / o(t,0) log p(t, 0)d6
T

nondecreasing. Since A(¢) is conserved for smooth solutions, any change in the value of
entropy for piecewise smooth solutions comes from shocks, and the effect of a shock must be
to reduce the entropy. This requires that p > p_. Otherwise the shock would be unstable
and disappear, instantly replaced by what is known as a rarefaction wave. Shocks with
p— > p4 are unstable weak solutions and do not appear as the weak limits of unperturbed
systems. They can arise in large deviations, and the increase in total entropy caused by them
has to be paid for by entropy contribution from the Girsanov perturbation of rates near the
shock.

In the final analysis the rate function for large deviations TASEP take the following
form. If p(¢, x) is not a weak solution of p;+(p(1—p))x = 0, the rate function /(p) = +o0.
If p is a weak solution, we look at the convex function 4(p) = plogp + (1 —p) log(1 — p).
Then

[h(p)le = B (p)p: = =" (p)[p(1 = p)]x = I (p)(1 — 2p)px = —[g(p)]x
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where g’(p) = h(p)(1 — 2p). We examine the distribution [1(p)]; + [g(0)]x. For the
actual solution, this is nonpositive as a measure and there is a unique p satisfying this that
is the true limit. Otherwise, the large-deviation rate function for such a p is finite only if
[h(p)]: + [g(p)]x is a measure of bounded variation on [0, 7] x T, and the rate function is
the total measure of the positive part

T
1(p) = [0 / ()] + [g()a]*di d.
T

The first results on TASEP were obtained by Rost [24]. He considered the situation
where every site x < 0 was initially occupied by a particle and the sites x > 0 were all
empty. po(0) was 1 for 6 < 0 and O for 6 > 0. The hydrodynamic limit was established,
the limiting solution being

1 ifo <1,
t—0
p(t,0) =32 if —r <6<t
2t
0 if0 > 1.

The equation p; + [p(1 — p)]x = O can be integrated once and p = U, where U
staisfies a Hamilton-Jacobi equation

U + Ux(l - Ux) =0
which has a uniquely defined variational solution. It will be Lipschitz and p = U, will be
the weak solution we will need. The large-deviation upper bounds were obtained by Jensen

in his thesis and appears in [32]. While there are partial results on lower bounds, complete
results are not yet available.
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